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Abstract. We introduce a notion of Homological Projective Duality for smooth algebraic varieties in 
dual projective spaces, a homological extension of the classical projective duality. If algebraic varieties X 
and Y in dual projective spaces are Homologically Projectively Dual, then we prove that the orthogonal 
linear sections of X and Y admit semiorthogonal decompositions with an equivalent nontrivial component. 
In particular, it follows that triangulated categories of singularities of these sections are equivalent. We 
also investigate Homological Projective Duality for projectivizations of vector bundles. 



1. Introduction 

Investigation of derived categories of coherent sheaves on algebraic varieties became one of the most 
important topics in the modern algebraic geometry. Besides other reasons this is caused by the Homo- 
logical Mirror Symmetry conjecture of Maxim Kontsevich [Ko] predicting that there is an equivalence 
of categories between the derived category of coherent sheaves on a Calabi-Yau variety and the derived 
Fukai category of its mirror. There is an extension of the Mirror Symmetry to the non Calabi-Yau 
case [HV]. According to this, the mirror of an arbitrary variety is a so-called Landau-Ginzburg model, 
that is an algebraic variety with a 2-form and a holomorphic function (superpotential) such that the 
restriction of the 2-form to smooth fibers of the superpotential is symplectic. It is expected that singular 
fibers of the superpotential of the mirror Landau-Ginzburg model give a decomposition of the derived 
category of coherent sheaves on the initial algebraic variety into semiorthogonal pieces, a semiorthogonal 
decomposition. 

Thus from the point of view of mirror symmetry it is important to investigate when the derived category 
of coherent sheaves on a variety admits a semiorthogonal decomposition. The goal of the present paper 
is to answer the following more precise question: 

Assume that X is a smooth projective variety and denote by T> b (X) the 
bounded derived category of coherent sheaves on X . Supposing that we are 
(t) given a semiorthogonal decomposition ofD b (X), is it possible to construct 

a semiorthogonal decomposition of T) b (XH), where Xh is a hyperplane 
section of X? 

Certainly this question is closely related to the question what does the operation of taking a hyperplane 
section of a projective algebraic variety mean on the other side of the mirror? 

In general one cannot expect an affirmative answer on (f). However, there is an important particular 
case, when something can be said. Explicitly, assume that X C P(V) is a smooth projective variety, Ox(X) 
is the corresponding very ample line bundle, and assume that there is a semiorthogonal decomposition 
of its derived category of the following type 

V b (X) = (A ,Ai(l),...,Ai_i(i-l)), Oc.Ai_1C.Ai-2 c ••• c Ai c Ao, 

where (k) stands for the twist by Ox(k). A decomposition of this type will be called Lefschetz decom- 
position because as we will see its behavior with respect to hyperplane sections is similar to that of the 
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Lefschetz decomposition of the cohomology groups. An easy calculation shows that for any hyperplane 
section Xh of X with respect to O x {l) the composition of the embedding and the restriction functors 
Ak{k) — > V b (X) — > D b (Xtf) is fully faithful and (Ai(l), ■ ■ ■ ,^4;_i(i — 1)) is a semiorthogonal collection 
in V b {Xu)- In other words, dropping the first (the biggest) component of the Lefschetz decomposition 
of D b (X) we obtain a semiorthogonal collection in X> fe (A//). Denoting by Ch the orthogonal in T> b {XH) 
to the subcategory of T> b (Xn) generated by this collection we consider {Ch}hgP(v*) as a family of tri- 
angulated categories over the projective space P(V*). Assuming geometricity of this family, i.e. roughly 
speaking that there exists an algebraic variety Y with a map Y — > P(V*) such that for all H we have 
Ch = V b (YH), where Yh is the fiber of Y over H 6 P(V*), we prove the main result of the paper 

Theorem 1.1. The derived category ofY admits a dual Lefschetz decomposition 

V b (Y) = <Sj_i(l - j),Bj_ 2 (2 - j), . . . ,Bi(-l),Bb>, 0CB H CB H C-cBiCB„. 

Moreover, if L C V* is a linear subspace and L L C V is the orthogonal subspace such that the linear 
sections Xl = X x P( y) P(L J -) and Yl = Y x P( y») P(L), are o/ expected dimension dimA^ = dimX — 
dimL, and dimlx, = dimY — dimL- 1 , then there exists a triangulated category Cl and semiorthogonal 
decompositions 

V b (X L ) = (C L ,A AimL (l),...,A i - 1 (\-dimL)) 
V b {Y L ) = (B^dimL^ -)),..., B dimL ±(-l),C L ). 

In other words, the derived categories of Xl and Yl have semiorthogonal decompositions with sev- 
eral "trivial" components coming from the Lefschetz decompositions of the ambient varieties X and Y 
respectively, and with equivalent nontrivial components. 

We would like to emphasize a similarity in behavior of derived categories and cohomology groups 
with respect to the hyperplane section operation. Thus, theorem 1.1 can be considered as a homological 
generalization of the Lefschetz Theorem about hyperplane sections. 

A simple corollary of theorem 1.1 is an equivalence of the derived categories of singularities (see [03]) 
of Xl and Yl- In particular, it easily follows that Yl is singular if and only if Xl is singular. This means 
that we have an equality of the following two closed subsets of the dual projective space P(V*): 

{H G P(V*) | Xh is singular} = {critical values of the projection Y — > P(F*)} 

Note that the first of these subsets is the classical projectively dual variety of X. Thus Y can be 
considered as a homological generalization of the projectively dual. In accordance with this we say that 
Y is a Homologically Projectively Dual variety of X. 

The simplest example of a Lefschetz decomposition is given by the standard exceptional collection 
(O, 0(1), . . . , 0{\ - I)) on a projective space X = P'" 1 (we take Aq = Ai = ■ ■ ■ = A\-i = {O)). It is 
easy to see that the corresponding Homological Projectively Dual variety is an empty set, and we obtain 
nothing interesting. However, considering a relative projective space we already obtain some interesting 
results. More precisely, consider a projectivization of a vector bundle X = Fs(E) over a base scheme S, 
embedded into the projectivization of the vector space H°(S, E*)* = H°(X, Ox/sO-))* with the following 
Lefschetz decomposition 

V b (X) = (V b (S),V b (S) Ox/si}), V\S) O x/s (\ - 1)>. 

We prove that Y = PsiE 1 ), where E L = Ker(V* <g> Os — > E*) is a Homologically Projectively Dual 
variety of X. As a consequence we get a bunch of semiorthogonal decompositions and equivalences 
between derived categories of linear sections of ¥s(E) and Ps'(i?" L ). For example, applying a relative 
version of theorem 1.1 we can deduce that there is an equivalence of derived categories between the 
following two varieties related by a special birational transformation called a flop (it is conjectured in 
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[B02] that the derived categories of any pair of algebraic varieties related by a flop are equivalent). 
Consider a morphism of vector bundles F — ► E* of equal ranks on S and consider 

X F = {(s,e) e ¥ S (E) | <f>*(e) = 0}, Y F = {(s,f) e ¥ S (F) \ <f> s (f) = «}, and Z F = {s e S \ det<f> s = 0}. 

If dim Xp = dim Yp = dim S — 1 then the natural projections Xp — > and Yp — > are birational and 

the corresponding birational transformation A^p >Y/r is a flop. We prove an equivalence of categories 

V b {X F ) V b (Y F ) if additionally dim A> Xg Yp = dimS 1 — 1. 

The next example of a Lefschetz decomposition is a decomposition of V b (X) for X = F(W) with 
respect to O x (2) given by .A = Ai = • ■ • = A-2 = (Ox, Ox(l)> and either A\-i = (O x , O x (-l)) for 
dim IF = 2i, or A\-i = (Ox) for dim IF = 2i — 1. In a companion paper [K2] we show that the universal 
sheaf of even parts of Clifford algebras on P(S 2 W*) is a Homologically Projectively Dual variety to X 
with respect to the double Veronese embedding P(W) C ¥(S 2 W). This gives immediately a proof of the 
theorem of Bondal and Orlov [B02, B03] about derived categories of intersections of quadrics. 

Finally, let us mention that the Homological Projective Duality for Lefschetz decompositions with Ao 
generated by exceptional pair and Ao = Ai = ■ ■ ■ = A\-i was considered in [Kl]. There were constructed 
such decompositions for X = Gr(2, 5), X = OGr + (5, 10), a connected component of the Grassmannian of 
5-dimensional subspaces in k 10 isotropic with respect to a nondegenerate quadratic form, X = LGr(3,6), 
the Lagrangian Grassmannian of 3-dimensional subspaces in k 6 with respect to a symplectic form, and 
X = G2Gr(2, 7), the Grassmannian of the Lie group G2, and it was shown that Homologically Projectively 
Dual varieties for them are Y = Gr(2,5), Y = OGr_(5, 10), a quartic hypersurface in P 13 , and a double 
covering of P 13 ramified in a sextic hypersurface (in the last two cases one must consider the derived 
category of sheaves of modules over a suitable sheaf of Azumaya algebras on Y instead of the usual 
derived category). 

Now we describe the structure of the paper. In section 2 we recall the necessary material concern- 
ing admissible subcategories, semiorthogonal decompositions, remind an important technical result, the 
faithful base change theorem proved in [Kl], and check that a property of a linear over a base functor 
to be fully faithful is local over the base. In section 3 we define splitting functors and give a criterion 
for a functor to be splitting. In section 4 we define Lefschetz decompositions of triangulated categories. 
In section 5 we consider derived category of the universal hyperplane section of a variety admitting a 
Lefschetz decomposition of the derived category. In section 6 we define Homological Projective Duality 
and prove theorem 1.1 and its relative versions. In section 7 we discuss relation of the Homological 
Projective Duality to the classical projective duality. In section 8 we consider the Homological Projective 
Duality for a projectivization of a vector bundle. Finally, in section 9 we consider some explicit examples 
of Homological Projective Duality. 

Acknowledgements. I am grateful to A. Bondal, D. Kaledin and D. Orlov for many useful dis- 
cussions. Also I would like to mention that an important example of Homological Projective Duality 
(the case of X = Gr(2, 6) which is not discussed in this paper) first appeared in a conversation with 
A. Samokhin. 

2. Preliminaries 

2.1. Notation. The base field k is assumed to be algebraically closed of zero characteristic. All algebraic 
varieties are assumed to be embeddable (i.e. admitting a finite morphism onto a smooth algebraic variety) 
and of finite type over k. 

Given an algebraic variety X we denote by T> b (X) the bounded derived category of coherent sheaves 
on X. Similarly, T)~(X), V + {X) and V(X) stand for the bounded above, the bounded below and the 
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unbounded derived categories. Further, T>^ C (X), T>~(X), and T> qc (X), stand for the correspond- 

ing derived categories of quasicoherent sheaves, and £> perf (A) denotes the category of perfect complexes 
on X, i.e. the full subcategory of T>(X) consisting of all objects locally quasiisomorphic to bounded 
complexes of locally free sheaves of finite rank. 

Given a morphism / : X — > Y we denote by /* and /* the total derived pushforward and the total 
derived pullback functors. The twisted pullback functor [H] is denoted by f' (it is right adjoint to /*). 
Similarly, <g> stands for the derived tensor product, and RHom, RHom stand for the global and local 
RHom functors. 

Given an object F <G T>(X) we denote by H k (F) the k-th cohomology sheaf of F. 

2.2. Semiorthogonal decompositions. If .A is a full subcategory of T then the right orthogonal to A 

in T (resp. the left orthogonal to A in T) is the full subcategory A ± (resp. ^A) consisting of all objects 
T € T such that Hom T (A,T) = (resp. Hom T (T,A) = 0) for all A € A. 

Definition 2.1 ([BOl]). A semiorthogonal decomposition of T is a sequence of full subcategories 
Ai,...,An in T such that Homr(Ai,Aj) = for % > j and for every object T € T there exists a 
chain of morphisms = T n — > T n _i — > • • • — ► T\ — ► To = T such that the cone of the morphism 
Tk — > Tfc_i is contained in Ak for each k = 1,2, ... ,n. 

In other words, every object T admits a "filtration" with factors in Ai, ■ ■ ■ , A n respectively. Semiortho- 
gonality implies that this filtration is unique and functorial. 

For any sequence of subcategories A\, . . . , A n in T we denote by (A\, ■ ■ ■ , An) the minimal triangulated 
subcategory of T containing A\, ... , A n . 

If T = (Ai, . . . ,A n ) is a semiorthogonal decomposition then Ai = (Ai+i, ■ ■ ■ ,»4 n )- L n J -(^li, . . . ,Ai-i). 

Definition 2.2 ([BK, B]). A full triangulated subcategory A of a triangulated category T is called right 
admissible if for the inclusion functor i : A — ► T there is a right adjoint r : T — > ^4, and left admissible if 
there is a left adjoint i* : T — > A. Subcategory A is called admissible if it is both right and left admissible. 

Lemma 2.3 ([B]). If T = (A,B) is a semiorthogonal decomposition then A is left amissible and B is 
right admissible. 

Lemma 2.4 ([B]). If A\, . . . ,A n is a semiorthogonal sequence in T such that A\, . . . ,Ak are left ad- 
missible and Ak+i, ■ ■ ■ , A n are right admissible then 

(Ai,...,Ak, (Ai, ■ ■ ■ , Ak) n (Ak+i, . . . , An) , Ak+i, ■ ■ ■ , A n ) 

is a semiorthogonal decomposition. 

Assume that A C T is an admissible subcategory. Then T = (A,- 1 A) and T = (A- 1 , A) are 
semiorthogonal decompositions, hence ^A is right admissible and A 1 - is left admissible. Let i±^ : L A — > T 
and i_4± : A ± — > T be the inclusion functors. 

Definition 2.5. [B] The functor = i±^i l ±^ is called the right mutation through A. The functor 
L_4 = i_^±i* A ± is called the left mutation through A. 

Lemma 2.6. [B] We have R^(A) = and the restriction of Rj± to A 1 - is an equivalence A 1 - — > ^A. 
Similarly, we have L^(A) = and the restriction of to ± A is an equivalence ± A — > A ± . 

Lemma 2.7. [B] If A\, . . . ,A n is a semiorthogonal sequence of admissible subcategories in T then 
R{A u ..,An) = R A n o---oR Al and L {Al ^ An) = L Al o ■ ■ ■ o L An . 
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Lemma 2.8 ([01]). If E is a vector bundle of rank r on S, Fs(E) is its projectivization, 0(1) is the 
corresponding Grothendieck ample line bundle, and p : Ps(-E) — > S is the projection then the pullback 
p* : V b (S) -» V b (F s (E)) is fully faithful and 

V b (F s (E)) = (p*(V b (S)) 0(k),p*(T) b (S)) ® 0(k + 1), . . . ,P*CD b (S)) ® 0(k + r - 1)> 

is a semiorthogonal decomposition for any k £ Z. 

2.3. Saturatedness and Serre functors. 

Definition 2.9 ([B]). A triangulated category T is called left saturated if every exact covariant functor 
T — > D 6 (k) is representable, and right saturated if every exact contravariant functor T — > 2? b (k) is 
representable. A triangulated category T is called saturated if it is both left and right saturated. 

Lemma 2.10 ([B]). A left (resp. right) admissible subcategory of a saturated category is saturated. 

Proof: Assume that A is a left admissible subcategory in a saturated triangulated category T, i : A — > T 
is the inclusion functor and i* : T — > *4 is its left adjoint functor. Let <fi : A ^ T> b (k) be an exact covariant 
functor. Then o i* : T — > 2? b (k) is representable since T is saturated. Therefore there exists T £ T 
such that 4> o i* ^ Hom r (T, -). Then 

o i* o i^ Hom r (T, i(-)) Horru(i*T, -), 

therefore i*T represents 0. 

Let V> : -4 — > T> b (k) be an exact contravariant functor. Then t/j o i* : T — > V* b (k) is representable since 
T is saturated. Therefore there exists T £ T such that ip o i* = Hom r (-,T). Note that i*(^A) = 0, 
hence Hom r (- L ^l,T) = which means that T £ (^A)- 1 = A, thus T = i(A) with A £ A. Finally 

y, ^ V » = Hom T (i(-), «(A)) = Hom^(-, A), 

since i is fully faithful, therefore A represents ip. 

A similar argument works for right admissible subcategories. □ 

Lemma 2.11 ([B]). If A is saturated then A is admissible. 

Proof: For any object T £ T consider the functor Hom-r(T, i{— )) : A — > T> b (k). Since A is saturated 
there exists At £ A, such that this functor is isomorphic to Hom^A^, — )■ Since Hom-j^T, i(A?)) — 
Hom^(Ax, At) we have a canonical morphism T — > z(A/r) and since i is fully faithful it is easy to see that 
its cone is contained in ± A. It follows that any morphism T — > S composed with S — > i(-Ag) factors in 
a unique way as T — > i(At) — > i(4s). Since Homr(i(AT), *(4s)) — Hom.4(Ar, -As) the correspondence 
T i— > Ay is a functor T —> A, left adjoint to i : A — >■ T. Similarly one can construct a right adjoint 
functor. □ 

Lemma 2.12 ([BV]). If X is a smooth projective variety then V b (X) is saturated. 

Corollary 2.13. If X is a smooth projective variety and A is a left (resp. right) admissible subcategory 
in V b (X) then A is saturated. 

Definition 2.14 ([BK],[B04]). Let T be a triangulated category. A covariant additive functor S : T — > T 
is a Serre functor if it is a category equivalence and for all objects F,G £ T there are given bi-functorial 
isomorphisms Hom(i ? , G) — > Hom(G, S(F))* . 

Lemma 2.15 ([BK]). If a Serre functor exists then it is unique up to a canonical functorial isomorphism. 
If X is a smooth projective variety then S(F) :=F® cux[dim X] is a Serre functor in V b (X). 
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Definition 2.16. [BV] A triangulated category T is called Ext-finite if for any objects F, G G T the 
vector space ® n &L Hom<r(F, G[n]) is finite dimensional. 

Lemma 2.17 ([BK]). If T is an Ext-finite saturated category then T admits a Serre functor. 

Lemma 2.18 ([BK]). If S is a Serre functor for T and A is a subcategory of T then S(^A) = A 1 " and 
S^ 1 (A ± ) = L A. In particular, ifT= (A\,A2) is a semiorthogonal decomposition then T = (S(A2),A\) 
andT = (A2, S _1 (.Ai)) are semiorthogonal decompositions. 

Lemma 2.19 ([B]). IfT admits a Serre functor S and A C T is right admissible then A admits a Serre 
functor S.4 = r o S o i, where i : A — > T is the inclusion functor. 

Proof: If A, A' £ A then Hom A (A, vSiA') ^ Hom r (L4, SiA') ^ Hom T (iA', iAf ^ Horru(A', A)*. □ 

2.4. Tor and Ext-amplitude. Let / : X — > Y be a morphism of algebraic varieties. For any subset IcZ 
we denote by V 1 (X) the full subcategory of T>(X) consisting of all objects F G £>(A) with H k (F) = 
for fc G" /. 

Definition 2.20 ([Kl]). An object F G has finite Tor-amplitude over V (resp. finite Ext-amplitude 

over Y), if there exist integers p, q such that for any object G G £>[ s >*](y) we have F®f*Ge V^ +s > q+t \X) 
(resp. RHom(F, f'G) G D[p +s,, ? + *](A)). Morphism / has finite Tor-dimension, (resp. finite Ext-dimension), 
if the sheaf Ox has finite Tor-amplitude over Y (resp. finite Ext-amplitude over Y). 

The full subcategory of T)(X) consisting of objects of finite Tor-amplitude (resp. of finite Ext-amplitude) 
over Y is denoted by DfTd/Y^) (resp. T>fEd/Y {X))- Both are triangulated subcategories of V h (X). 

Lemma 2.21 ([Kl]). If i : X — > X' is a finite morphism over Y then F G V j Td / Y (X) 44> i*F G 
V fTd/Y {X') and F G V fEd/Y (X) i*F G V fEd/Y (X'). 

Lemma 2.22 ([Kl]). If morphism f : X — > Y has finite Tor-dimension (resp. Ext-dimension) then any 
perfect complex on X has finite Tor -amplitude (resp. Ext-amplitude) over Y. 

Lemma 2.23 ([Kl]). // / : X -> Y is a smooth morphism then V fTd/Y (X) = (X) = V fEd/Y (X). 

Definition 2.24 ([Kl]). A triangulated category T is Ext-bounded, if for any objects F, G G T the set 
{n G Z I Hom(F, G[n]) ^ 0} is finite. 

Lemma 2.25 ([Kl]). The following conditions for an algebraic variety X are equivalent: 

(i) X is smooth; 

(ii) V b (X) = T>P erf (X). 

(Hi) the bounded derived category V b (X) is Ext-bounded. 

Lemma 2.26. Assume that T = (A, B) is a semiorthogonal decomposition. If both A and B are Ext- 
bounded and either A or B is admissible then T is Ext-bounded. 

Proof: Let F,G G T. Then there exist exact triangles 

f3f3 l F -» F -> aa*F, /3/3 [ G ^G^ aa*G. 

Computing Hom(F, G[n]) and using semiorthogonality of A and B we obtain a long exact sequence 

► Hom(aa*F,l3/3 l G[n}) -» Hom(F,G[n]) -» Hom(/3 ! F, /3 ! G[n]) Hom(a*F, a*G[n}) -» ... 

Since .4 and $ are Ext-bounded, the third term vanishes for |n| S> 0. On the other hand, if A is 
admissible then Hom(aa*F, (3(5^G[n\) = Hom(a*F, a ! /3/3 ! G[n]), hence the first term also vanishes for 
|n| 3> 0. Similarly, if £> is admissible then Hom(aa*F, [3[3^G[n]) = Hom(P* aa* F, (3- G[n]), hence the first 
term also vanishes for |n| 3> 0. In both cases we deduce that Hom(F, G[n\) vanishes for |n| 3> 0, hence 
T is Ext-bounded. □ 



2.5. Kernel functors. Let X\, X2 be algebraic varieties and let pi : X\ x X2 — > Xi denote the projec- 
tions. Take any K G x X2) and define functors 

: = P2M0F1 ® #)> ^(^2) := Pi* RHom(^,p2o^2). 

Then is an exact functor V~ C (X\) — > T>~ C (X2) and $>^. is an exact functor D+(X2) — > P+(Xl). We 
call $x the kernel functor with kernel K, and the kernel functor of the second type with kernel K 
(cf. [Kl]). In smooth case any kernel functor of the second type is isomorphic to a usual kernel functor: 

®'K — $ RW om (i*> Xl [dim Xi])- 

Lemma 2.27 ([Kl]). (i) If K has coherent cohomologies, finite Tor -amplitude over X± and supp(K) is 
projective over X 2 then <S> K takes V b (X l ) to V h (X 2 ). 

(ii) If K has coherent cohomologies, finite Ext- amplitude over X2 and supp(K) is projective over X± then 
& K takes V b (X 2 ) to V b (X±). 

(Hi) If both (i) and (ii) hold then & K is right adjoint to ®k- Moreover, ® K takes V peh \Xi) to V perf (X 2 ). 

Lemma 2.28 ([Kl]). If K is a perfect complex, X2 is smooth and supp(K) is projective both over Xi and 
over X2, then the functor $k admits a left adjoint functor &* K which is isomorphic to a kernel functor 
with the kernel 

K# := RHom(K,LUx 2 [dimX 2 }). 

Consider kernels K 12 G V~(X 1 x X 2 ), K 23 G T>~(X 2 x X 3 ). Denote by pij : X 1 x X 2 x X 3 -> Xi x Xj 
the projections. We define the convolution of kernels as follows 

if 23 o K 12 := Pl3*(P*12o K l2 ®P*2 3o K 2?>), 

Lemma 2.29. For K 12 G T>~(X 1 x X 2 ), K 23 G V~(X 2 x X 3 ) we have $K 2:i ®K l2 = ®K 23 oK l2 • 

Assume that $1, $> 2 , $3 : T> — ► T>' are exact functors between triangulated categories, and a : 3>i — > d> 2 , 
(3 : $2 —>■ ®3, 7 : ^3 — ► 3>i[l] are morphisms of functors. We say that 

$1 $2 $3 $i[l] 
is an exact triangle of functors, if for any object F £ V the triangle 



^ $ 2 (F) ^ $ 3 (F) $!(F)[1] 



is exact in V. 



Lemma 2.30. If K x K 2 ^ K 3 K^l] is an exact triangle in V (X x Y) then we have the 
following exact triangles of functors 

* Kl ^®K 2 ^QKs -^^[1] 

$AT 3 — » ^2 — » — " 

// additionally kernels K\, K2 and K 3 satisfy the conditions of lemma 2.28 then we have also the following 
exact triangle of functors 

Proof: Evident. □ 



2.6. Exact cartesian squares. Consider a cartesian square 



p 

X 



9 

f 



Consider the functors q*p* and g* /* : V b (X) -> X> 6 (Y). It is easy to see that both are kernel functors. 
Explicitly, the first is given by the structure sheaf of the fiber product Oxx s y and the second is given by 
the convolution of the structure sheaves of graphs of / and g respectively. It is easy to see that the latter 
kernel is a complex supported on the fiber product, the top cohomology of which is isomorphic to Oxx s Y- 
The natural map from this complex to its top cohomology induces a morphism of functors g*f* —> q*p*. 
A cartesian square is called exact cartesian [Kl] if this morphism of functors is an isomorphism. As 
explained above a square is exact cartesian if and only if the convolution of the structure sheaves of 
graphs of / and g is isomorphic to its top cohomology. 

Lemma 2.31 ([Kl]). Consider a cartesian square as above. 

(i) If either f or g is flat then the square is exact cartesian. 

(ii) A square is exact cartesian, if and only if the transposed square is exact cartesian. 

(Hi) If g is a closed embedding, Y C S is a locally complete intersection, both S and X are Cohen- 
Macaulay, and codimx(A Y) = codims Y ; then the square is exact cartesian. 

2.7. Derived categories over a base. Consider a pair of algebraic varieties X and Y over the same 
smooth algebraic variety S. In other words, we have a pair of morphisms / : X — > S and g :Y — > S. 

A functor $ : V(X) -► V(Y) is called S-linear [Kl] if for all F € V(X), G e V b (S) there are given 
bifunctorial isomorphisms 

$(/*G®F) g*G®$(F). 
Note that since S is smooth any object G G V b (S) is a perfect complex. 

Lemma 2.32 ([Kl]). If <3? is S-linear and admits a right adjoint functor <E> ! then <I> ! is also S-linear. If 
K € V~(X Xs Y) then the kernel functors <&i t K and & isfK are S-linear. 

A strictly full subcategory C C V(X) is called S-linear if for all F G C, G G V b (S) we have f*G®F € C. 

Lemma 2.33 ([Kl]). If C C V b {X) is a strictly full S-linear left (resp. right) admissible triangulated 
subcategory then its left (resp. right) orthogonal is also S-linear. 

2.8. Faithful base change theorem. Consider morphisms / : X — > S and g : Y — > S with smooth S. 
For any base change 4> : T — > S we consider the fiber products 

X T :=Xx s T, Y T :=Yx s T, X T x T Y T = (X x s Y) x s T 

and denote the projections Xt —> X, Yp — > Y, and Xt Xt Yt —> X x$ Y also by (p. For any kernel 
K € V-(X x s Y) we denote K T = <j)*K £ V~(X T x T Y T ). 

Definition 2.34 ([Kl]). A change of base <f> : T — > S is called faithful with respect to a morphism 
/ : X — > S if the cartesian square 

X T — ^X 

f 

T ^S 

is exact cartesian. A change of base 4> : T — > S is called faithful for a pair (X,Y) if (f) is faithful with 
respect to morphisms / : X — > S, g : Y — > S, and / x s ^ : I xgY ^ 5. 



Using the criterions of lemma 2.31 it is easy to deduce the following 

Lemma 2.35 ([Kl]). Let f : X — > S be a morphism and 4> '■ T — > S a base change. 

(i) If (f) is flat then it is faithful. 

(ii) If T and X are smooth and dirnXx = dimX + dimT — dimS 1 then the base change 4> : T — > S is 
faithful with respect to the morphism f : X — > S. 

Lemma 2.36 ([Kl]). If (j> : T —* S is a faithful base change for a morphism f : X — > S then we have 
<l>*(V fTd/s (X)) C V fTd/T {X T ), and 4>*{V fEd/s {X)) C V fEd/T (X T ). 

Lemma 2.37 ([Kl]). // <fi : T — > S is a base change faithful for a pair (X, Y), and f is projective then 
we have <S>k t (/>* = <f>*$K, ®K<P* = (/>*<S>K T , & KT <f>* = 4>*& K i and ^k^>* = <£* $ kr T - 
Proposition 2.38 ([Kl]). // (f> is faithful for a pair (X, Y), varieties X and Y are projective over S 
and smooth, and K € V b (X x^F) is a kernel such that &k ■ V b (X) — > V b {Y) is fully faithful then 
$ Kt : V b {X T ) -» V b (Y T ) is fully faithful. 

Theorem 2.39 ([Kl]). IfV b (Y) = {<S> Kl (V b (X 1 )), . . . ,§ Kn (V b (X n ))) is a semiorthogonal decomposition, 
with Ki £ V b {Xi Xs Y), a base change <f> is faithful for all pairs (Xi,Y), . . . , (X n ,Y), and all varieties 
X±, . . . , X n , Y are projective over S and smooth then V b (Yr) = k 1t {T^ 1 } {Xyr)) , ■ ■ ■ , & K nT (J} b {X u t))) is 
a semiorthogonal decomposition. 

Note that though Xi,...,X n ,Y are smooth in the assumptions of the theorem, their pullbacks 
Xyr, ■ ■ ■ , X n T, Yt under the base change <p are singular in general. 
We will need also the following theorem. 

Theorem 2.40. If S and Y are smooth and for any point s £ S there exists an open neighborhood U C S 
such that V b {Yjj) = (^k 1v {^(Xhj)), ■ • • ,®K nU (D b (X n u))) is a semiorthogonal decomposition then also 
V b {Y) = K 1 ip b {X-\)) , . . . ,&K n (V b (X n ))} is a semiorthogonal decomposition. 

Proof: We must check that for every i = 1, . . . ,n the functor : T) b (Xi) — > T> b (Y) is fully faithful. 
Equivalently, we must show that the morphism of functors id-pbp^) * ^'k ^ s an isomorphism. Note 
that V b (Xiu) being a semiorthogonal summand of an Ext-bounded category V b {Yjj) is Ext-bounded, 
hence Xw is smooth, hence Xj is smooth for any i. Therefore the functors & K . are kernel functors. Note 
also that the morphism of functors \&x> b {Xi) ~^ ^'K^Ki ' ls induced by morphism of kernels. Moreover, 
restricting this morphism of kernels from S to U we obtain precisely the morphism of kernels corre- 
sponding to the canonical morphism of functors id-r> b (x iU ) ~^ ^k w - Since the latter morphism is an 
isomorphism by assumptions for suitable U, it follows that the corresponding morphism of kernels is an 
isomorphism over U. Since this is true for a suitable neighborhood of every point s <G S, we deduce that 
the morphism of kernels is an isomorphism over the whole S, hence is fully faithful. 

Further, we must check the semiorthogonality. Equivalently, we must show that the functor & K 
is zero for all 1 < i < j < n. As above we note that this functor is a kernel functor. Restricting its kernel 
from S to U we obtain precisely the kernel of the functor <fr' K &K iV ■ Since the latter functor is zero by 
assumptions for suitable U, it follows that the corresponding kernel is zero over U. Since this is true for 
a suitable neighborhood of every point s <G S, we deduce that the kernel is zero over the whole S, hence 
*k^ = 0. 

Finally, we must check that our semiorthogonal collection generates T> b (Y). Assume that there is an 
object in the orthogonal to (<f> Kl {V b (Xi)), <S> Kn (V b (X n ))) . Then it is easy to see that its restriction 
from S to U is in the orthogonal to {^K lv i^P b {X\u)), . . . , &K nU {D b {Xnu)))- By assumptions we deduce 
that this object is zero over U. Since this is true for a suitable neighborhood of every point s <G S, we 
deduce that the object is zero over the whole S. □ 
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3. Splitting functors 



Assume that A and B are triangulated categories and : B — > A is an exact functor. Consider the 
following full subcategories of A and £>: 

Ker $ = e B | $(5) =0}cB, Im $ = {A = $(5) 5 € £>} C A 

Note that Ker $ is a triangulated subcategory of B, and if <I> is fully faithful then Im $ is also triangulated. 
However, if $ is not fully faithful, in general lm<& is not triangulated. If admits an adjoint functor 
then we have 

Hom(Ker<£, lm$ ) =0, if $ admits a right adjoint <J>-, 

Hom(lm Ker$) = 0, if $ admits a left adjoint <£*, 

(evidently follows from the adjunction). 

Definition 3.1. An exact functor : B — > „4 is called right splitting if Ker<£ is a right admissible 
subcategory in B, the restriction of <E> to (Ker <&)-*- is fully faithful, and Im $ is right admissible in A (note 
that Im $ = lm($( Ker $)±) is a triangulated subcategory of .4). An exact functor <E> : B — ► .4 is called left 
splitting if Ker<I> is a left admissible subcategory in £>, the restriction of <3? to ± (Ker<I>) is fully faithful, 
and I m $ is left admissible in A. 

Lemma 3.2. A right {resp. left) splitting functor has a right {resp. left) adjoint functor. 

Proof: If Ker<I> is right admissible then (Ker^) -1 - is left admissible and we have a semiorthogonal decom- 
position B = ((Ker^)^, Ker<I>) by lemmas 2.4 and 2.3. Since <3? vanishes on the second term and is fully 
faithful on the first term it follows that $ = j o cf> o i*, where i : (Ker^) -1 - — > B and j : Im <I> — > A are 
the inclusion functors, i* is a left adjoint to i, and (j) : (Ker<l?)^ — > lm$ is an equivalence of categories 
induced by <&. Therefore $ ! := io<\r x of is right adjoint to <& (functor j' right adjoint to j exists because 
I m $ is right admissible) . □ 

Theorem 3.3. Let : B — > A be an exact functor. Then the following conditions are equivalent 
(lr) & (2r) ^ (3r) & (4r) and (1/) <^ (2/) ^ (3/) & {41), where 
(lr) $ is right splitting; 

(2r) $ has a right adjoint functor and the composition of the canonical morphism of functors idg — > $ ! <I> 
wit/i $ gives an isomorphism <3? = <I>$ ! <5; 

(3r) $ has a right adjoint functor $ ! , £/jere are semiorthogonal decompositions 

B= (lm<J» ! ,Ker$), .4 = (Ker$ ! , Im $), 
and i/ie functors <3? and $ ! give quasiinverse equivalences lm$ ! = lm<3?; 

(4r) £/iere exists a triangulated category C and fully faithful functors a : C —> A, (3 : C —> B, such that a 
admits a right adjoint, (3 admits a left adjoint and <I> = a o (3* . 
{11) $ is left splitting; 

{21) has a left adjoint functor <3?* and the composition of the canonical morphism of functors $*<I ) — > idg 
to^/i $ gives an isomorphism <J><3?*cI> = 

(3/) $ /ias a left adjoint functor <!>*, £/iere are semiorthogonal decompositions 

B = (Ker$,lm<I»*}, A = (Im Ker $*), 
and t/ie functors $ and $* give quasiinverse equivalences Im <3?* = Im <I>; 

(4Z) t/iere exists a triangulated category C and fully faithful functors a : C ^ A, (3 : C —> B, such that a 
admits a left adjoint, (3 admits a right adjoint and $ = ao/J ! . 
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Proof: (lr) => (2r): using the formula of lemma 3.2 for <J? ! we deduce that <3? ! <1? = i$~ x j' j cjri* 
Composing with <J? we obtain $$ ! $ = jcf)i*ii* = j<jri* = <F 

(2r) =4> (3r): for any B € B let be the object defined from the triangle 



K B ^ B -> &$B. (1) 

Applying the functor $ to this triangle and using the assumption we deduce that Q(Kb) = 0, i.e. 
Kb € Ker<F Thus any object B can be included as the second vertex in a triangle with first vertex in 
Ker<J> and the third vertex in lm<I> ! . Since these categories are semiorthogonal, we obtain the desired 
semiorthogonal decomposition for B. Moreover, it follows from (2r) that for i£ Im $ we have A = $$ ! A 
hence we have an isomorphism of functors id = on lm<3?. On the other hand, if B £ lm<l> ! then 
Kb = since Kb is the component of B in Ker$ with respect to the semiorthogonal decomposition 
B= (lm<J» ! ,Ker$). Therefore, id ^ $ ! <I» on Im Thus <E> and $> are quasiinverse equivalences between 
Im <I> and Im <I> ! . Finally, we note that for any B E Im <£ ! , A G „4 we have 

Hortu($£,A) ^ Hom B (B,$ ! A) ^ Hom^S, $$U) 

since $ is fully faithful on lm<3? ! , hence : A — > lm<l> is a right adjoint to the inclusion functor 
lm<I> — > .A, hence lm<l> is right admissible, we have A = ((Im $)-*-, Im $>) and it remains to note that 
(| m $)-L = Ker$ ! . 

(3r) (4r): take C = Im $ with a being the inclusion functor Im <3? — > ^4 and /? being the composition 
of the equivalence Im $ = Im <I> ! and of the inclusion functor Im <3? ! — > £>. Then a admits a right adjoint 
because Im $ is right admissible in A and (5 admits a left adjoint because Im <£ ! is left admissible in B 
and we evidently have <3? = a o /3* . 

(4r) =4> (lr): lm<I> = a(C) is right admissible because a admits a right adjoint functor; on the other 
hand Ker$ = Ker(/3 ! ) = ± /3(C) is right admissible as the left orthogonal to (3(C) which is left admissible 
because (3 admits a left adjoint functor. Finally, = a o (3* restricted to (Ker^)- 1 = (3(C) is isomorphic 
to the composition of an equivalence (3(C) = C and of a fully faithful functor a : C — ► A, hence fully 
faithful. 

The equivalences (1/) 44> (2/) <3> (31) <3> (41) are proved by similar arguments. □ 

Corollary 3.4. If Q is a right (resp. left) splitting functor and \E' is its right (resp. left) adjoint then ^ 
is a left (resp. right) splitting functor. 

Proof: Compare (3r) and (3/) for <£> and □ 

Lemma 3.5. If either A or B is saturated and <3? : B — > A is a right (resp. left) splitting functor then $ 
is also a left (resp. right) splitting. 

Proof: Assume that B is saturated and <I> is right admissible. Then Ker$ and (Ker&) ± are saturated 
by lemma 2.10. Moreover, lm<l> = (KerQ)- 1 , hence lm$ is also saturated. Hence by lemma 2.11 both 
Ker<l> and lm<l> are left admissible. Moreover, it is easy to see that the restriction of <E> to - L (Ker<l>) is 
isomorphic to the composition of the restriction of <E> to (Ker^) -1 with the mutation functor Z/Ker* 

(Ker$)^ - — ^(Ker<D) 





Im <I> 

But the upper arrow L« e r$ is fully faithful on -'-(Ker^) by lemma 2.6, hence <£> is fully faithful on 
^(Ker*). □ 

We will also need an analog of the faithful base change theorem for splitting functors. 
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Proposition 3.6. In the notations of proposition 2.38 if (ft : T — > S is a faithful base change for a pair 
(X, Y) over a smooth base scheme S, X and Y are projective over S and smooth, and K G V b (X XjF) is 
a kernel such that the functor <S> K : V b (X) -> V b (Y) is splitting then the functor <S> Kt : V b (X T ) -> V b (Y T ) 
is also splitting. 

Proof: Analogous to the proof of Proposition 2.42 of [Kl] using criterion (2r) or (21) to check that the 
functors are splitting. □ 

The class of splitting functors is a good generalization of the class of fully faithful functors having 
an adjoint. Recall that it was proved by Orlov in [02] that any fully faithful functor having an adjoint 
between derived categories of smooth projective varieties is isomorphic to a kernel functor. It would be 
nice to prove the same result for splitting functors. 

Conjecture 3.7. A splitting functor between bounded derived categories of coherent sheaves on smooth 
projective varieties is isomorphic to a kernel functor. 

4. Lefschetz decompositions 
Assume that X is an algebraic variety with a line bundle Ox(l) on X. 

Definition 4.1. A Lefschetz decomposition of the derived category V b (X) is a semiorthogonal decompo- 
sition of V b (X) of the form 

V b {X) = (A,v4i(l),...,.4i_i(i-1)), OC^li_i (ZA-2 C-'CiiCAc T) b (X), (2) 

where C A\-i C A\-2 C • • • C Ai C Aq C V b (X) is a chain of admissible subcategories of V b (X). 
Lefschetz decomposition is called rectangular if A\-\ = A\-2 = ■ ■ ■ = A\ = Aq. 

Let cifc denote the right orthogonal to Ak+i in Ak- The categories Oo, fli, ■ ■ ■ , cii-i will be called prim- 
itive categories of the Lefschetz decomposition (2). By definition we have the following semiorthogonal 
decompositions: 

Ak = (ajfc,Ofe + i,...,Oi_i). (3) 

If the Lefschetz decomposition is rectangular then we have Oo = cii = ■ • • = fli-2 = and Oj_i = A\-i- 

Assume that the bounded derived category of coherent sheaves on X, V b (X) admits a Lefschetz 
decomposition (2) with respect to Ox(l)- If X is smooth and projective then its derived category V b (X) 
is saturated and admits a Serre functor. Therefore for every < k < i — 1 the category Ak is saturated 
and has a Serre functor too. Moreover, for every < k < i — 1 the primitive category is also saturated 
and has a Serre functor. 

Let ak : Ak(k) — > V b (X) denote the embedding functor and let a|,,a ! : V b (X) — ► Ak(k) be the left 
and the right adjoint functors. Let Sx denote a Serre functor of V b (X), Sx{F) = F <8> wx[dimX], and 
let So denote a Serre functor of Ao ■ 

Consider the restriction of the functor Qq : T> b (X) — > Aq to the subcategory Ak(k + 1) C T> b (X). It 
follows from (2) that aQ(Ak+i(k + 1)) = 0, hence it factors through the quotient (Ak/Ak+i)(k + 1). 

Lemma 4.2. The functor ag : (Ak/ Ak+i){k + 1) — > Aq is fully faithful. 

Proof: It is clear that Ofc(fc + 1) is the right orthogonal to Ak+i{k + 1) in Ak(k + 1), hence we have to 
check that is fully faithful on dk{k + 1). For this we note that 

Ofc(fc + l) c (A+i(fc + l),...,A-i(i-l)) ± = (Ao,Ai{l),...,Ak{k)), (4) 
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since for I > k + 1 we have Hom(Ai(l), a k {k + 1)) = Hom(Ai{l - l),Ofc(A;)) and .4j(/ - 1) C Ai-\{1 - 1), 
a k (k) C ^4fc(A;), while Hom(„4fc + i(/c + 1), Ofc(/c + 1)) = Hom(.Afc+i, Ofc) = by definition of afc. On the other 
hand, we have 

o fc (fc + l) c ± (A 1 (l),...,A k (k)}, (5) 

since for 1 < I < k we have Hom(afc(£; + l),Ai(l)) = Horn (afc (k), Ai(l — 1)) and Ai(l — 1) C ^4/-i(/ — 1), 
ttfc(fc) C ^lfc(/c). It follows from (4) that the functor Oq restricted to afc (A; + 1) is just the left mutation of 
a k (k + 1) through . . . , Ak(k)}. But the left mutation through an admissible subcategory induces 

an equivalence of its left orthogonal to its right orthogonal by lemma 2.6, and dk(k + 1) lies in the left 
orthogonal to (v4i(l), . . . ,Ak(k)) by (5). □ 



Lemma 4.3. We have the following semiorthogonal decomposition of Ao 

K(a (l)),«S(a 1 (2)),...,^(a i _ 1 (i))). 

Proof: For any F G Aq, F' € a; we have 

Hom(QS(F'(/ + l)),F) = Hom(F'(/ + l),F) = Hom(F, Sx{F'{l + 1)))* = Hom(F, <x Sx(F'(l + 1)))*, 

therefore (ag(a/(/ + l))) ± = ± (q.qSx(o-i(1 + 1)))- Thus for the semiorthogonality we should check that for 
any k < I we have Hom(ctQ(afc(/c + 1)), ctQSx{&i(l + 1))) = 0. For this we note that the inclusion (5) (with 
k replaced by I) implies that ai(l + 1) C (Ai+i(l + 1), . . . ,A\-i(\ — tyjS^Ao) by lemma 2.18, hence 

S x (ai(l + 1)) C {S x (A l+1 (l + 1)), . . . ,S x (A-i(\ - l)),Ao). 

Comparing this with the inclusion (4) for <Xk(k + 1) and taking into account that by lemma 2.18 we have 
a semiorthogonal decomposition V b {X) = (Sx(Ai+i(l + 1)), . . . , Sx{A\-i(\ — 1)), Ao, Ai(l), ■ . . , Ai(l)}, 
we deduce that Hom(aQ(afc(A; + 1)), a Sx(ai(l + 1))) = Hom(afc(A; + 1), Sx(&i(l + 1))) which by the Serre 
duality is dual to Hom(a;(/ + l),dk(k + 1)) = Hom(a/(/), dk(k)) which is zero since a/(Z) C Ai(l) and 
Ofc(fc) c A k (k) . 

Now assume that F lies in the right orthogonal to the collection (o:g(ao(l)), ao( a i(2))j ■ • • ■> a o( a i-i(0)) 
in Ao. By adjunction ao(F) is in the right orthogonal to (ao(l), di(2), . . . , aj_i(i)} in V b (X). But 
a (F) e Ao = (Ai{l), ■ . .,A\-i(\ - l)) ± , therefore 

ao(F) G (ao(l), -4i(l), Oi(2), A 2 (2), ai_ 2 (i - 1), A-i(i - 1), a i _i(i)} ± . 

It remains to note that by definition of subcategories ao, ... , ai_i we have (ao(l),*4i(l)) = Aq(1), 
(oi(2),^ 2 (2)) = Ai(2), ... , (oi_ 2 (i - l),A-i(i - 1)} = A- 2 i\ - 1), and o,-_i(i) = A-i(i), so we see 
that oq{F) G (^ (l),.Ai(2),...,^i_i(i)}- L which means that F = since (Ao(l),Ai(2),...,A\-i(\)} is 
evidently a semiorthogonal decomposition of V b (X). □ 

Lemma 4.4. We have a* Q ((A (l), . . . , A r -i(r))) £ (a^(a (l)), . . . , a%(ar-i(r))) . 

Proof: We have A k {k + 1) = (a k (k + 1), A k +i(k + 1)> and ^(.Afc+i^ + 1)) = for any < k < r - 1. □ 

Lemma 4.5. Triangulated subcategory of V b {X) generated by Ao,Ao(l),...,Ao(r — 1) coincides with 
(Ao,Ai(l),...,Ar-i(r-l)). 

Proof: It is clear that the latter category lies in the former. On the other hand, it is clear that 
Ao,A (l), ■ ■ .,A (r - 1) C (Mr), ■ • ■ , - 1)> ± = (A , Ai(l), ■ . . , A-i(r - 1)>. □ 
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5. Universal hyperplane section 

Assume that X is a smooth projective variety with an effective line bundle OxiX) on X and assume 
that we are given a Lefschetz decomposition (2) of its derived category. Let V* C T(X,Ox(l)) be a 
vector space of global sections. Put N = dimV. We assume that 

N > i. (6) 

Consider the product X x P(V*). Let Ak(k) E V b {F(V*)) denote the triangulated subcategory of 
V b {X x F(V*)) generated by objects FMG with F G A k (k) C V b {X) and G G V b (F(V*)). Note that this 
category coincides with the category (Ak(k) IE Op(y*), Ak(k) E G>(y*)(l), . . . ,Ak{k) M Oj>(y*}(N — 1)). 
Every term in the latter decomposition is equivalent to Ak, hence saturated, hence admissible, therefore 
Ak(k) M V b (F(V*)) is also admissible and saturated. Moreover, it is clear that we have the following 
semiorthogonal decomposition 

V b {X x F{V*)) = (Aq B V b (¥{V*)),Ai(l) M V b (F{V*)), - 1) B V b {F(V*))). 

Note also that by the Kiineth formula we have 

RHom XxV( y, ) (F 1 ®G 1 ,F 2 ®G 2 ) = RHom x (F 1 ,F 2 ) ® RHom 1P(v . ) (Gi, G 2 ) 

for all F U F 2 G £> 6 (X), Gi,G 2 G V b (F(V*)). 

Consider the universal hyperplane section of X, that is the zero locus Xi C X x P(V*) of the canonical 
section of a line bundle Gx(l) B Gwy*\(l). Let 7r : Afi — > X and / : X\ — > P(V*) denote the projections, 
and let i : A?i — > X x F(V*) denote the embedding. Note that X\ C X x P(V*) is a divisor of bidegree 
(1,1) and we have the following resolution of its structure sheaf 

- Ox(-l) B Op (v .)(-l) -> Gxxp ( y*) - uO Xl -> 0. (7) 
The following lemma is useful for calculations of Horn's between decomposable objects in V b (X\). 
Lemma 5.1. For any F 1 ,F 2 € V b {X), Gi,G 2 € V b (F(V*)) we have an exact triangle 
RHom x (F 1 ,F 2 (-l)) ® RHom P(v .)(Gi, G 2 (-l)) -» 

-» RHomx^i,^) RHomp (v .)(Gi,G 2 ) -► 

-► RHom A ' 1 (i*(Fi B Gi),i*(F 2 B G 2 )). 

Proof: Tensoring resolution (7) by (Ff <g) F 2 ) Kl (G* (8) G 2 ) and applying Rr we obtain the following exact 
triangle 

RT(X x F(V*), (F* ® F 2 (-l)) B (GJ ® G 2 (-l))) -> 

-» Rr(X x P(V*), (Ff* <g> F 2 ) M (GJ ® G 2 )) 

Rr(A"i, ® F 2 ) B (GJ G 2 ))). 

Rewriting Rr in terms of RHom's and applying Kiineth formula we obtain the desired triangle. □ 

Corollary 5.2. The functor vr* : V b {X) -> is fully faithful. Moreover, for any F U F 2 G V b (X) 

andl<k<N - 2 we have RHom Xl (iT*F 1 ,Tr*F 2 <g> /*0 P (y *)(-&)) = 0. 

Proof: Take Gi = G>(y*), G 2 = G>(y*)(— k). Then we have isomorphisms i*{F\ M Gi) = 7r*Fi, and 
i*(F 2 B G 2 ) vr*F 2 <g> /*Op (v .) (-*;). Since RHom P(y , ) (G P(y * ) , 0p(y.)(-fc)) = for 1 < fc < JV - 1 and 
RHom P (y*)(0 P (y»), Gp(y*)) = k, the first term in the triangle of the lemma vanishes for < k < N — 2 
and the second term equals RHomx (F±,F 2 ) for k = and vanishes for 1 < k < N — 1 whereof we obtain 
the claim. □ 
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Lemma 5.3. For any 1 < k < i - 1 the functor A k {k) M V b (P(V*)) C V b (X x P(V*)) -^U D 6 (A"i) is 
faithful, and the collection 

(Ai(l) M V b (P(V*)), - 1) H D 6 (P(F*))) C 

is semiorthogonal. 

Proof: Let 1 < fe < / < i — 1, take Fi G ^(Z), F 2 G A k (k), G 1 ,G 2 £ V b (F(V*)) and consider the triangle 
of lemma 5.1. Its first term vanishes since F\ G Ai(l) and 1) £ -4.fc(fc — 1) C *4fc_i(fc — 1). Therefore, 
in the case k = I we see that the functor i* : A k (k) M V b (¥(V*)) -> P b (<Yi) is fully faithful. On the other 
hand, for 1 < k < I < i — 1 the second term vanishes as well, since F\ G Ai(l) and F 2 G A k {k). Therefore 
the above collection is semiorthogonal. 

It remains to check that categories A k {k) MV b (F(V*)) are admissible in V b (Xi). For this we note that 
they are saturated, hence admissible in V b {Xi). □ 

Let C denote the right orthogonal to the subcategory (Ai(l)MV b (F(V*)), . . . , A\-i(\ - 1) MV b {W(V*))) 
in V b (X 1 ), 

C = (Ai(l) M V b (¥(V*)), ■ ■ ■ , - 1) H V b (¥(V*)))^ b{xy (8) 

Let 7 : C -> denote the inclusion functor. Since the subcategories ^i(l) ^V b (F(V*)), ... , 

are admissible it follows that C is left admissible, hence the functor 7 has a left 
adjoint functor 7* : -> C. 

Note that the subcategory (A 1 (l)MV b (F(V*)), . . . , A-iO - 1) MV b (P(V*))) C is P(V*)-linear. 

In particular, the functor F 1— > F<g)/*Op(y»)(l), V b (X\) — > X> b (^i) restricts to an endofunctor of C which 
we denote simply by F 1— ► F(l). 

Consider the composition of functors 7T* o 7 : C —> V b (X). 

Lemma 5.4. Tfce image of the functor 7r* o 7 is contained in the strictly full subcategory Aq C 

Proof: If F G A k (k), 1 < A; < i - 1, and F' G C then we have Hom(F, tt*(7(F'))) = Hom(vr*F, 7(F')) = 
since ir*F G A k (k) M V b (P(V*)). Thus 7r*(7(F')) is contained in the right orthogonal to the subcategory 
{Ai(l), . . . ,*4i_i(i — 1)}, which by (2) coincides with *4o- D 

Consider the functor 7* o ir* : V b (X) -> C which is left adjoint to 7T* o 7. In proposition 5.7 below we 
will show that the restriction of this functor to the subcategory Aq C V b (X) is fully faithful. We start 
with two lemmas. 

For any object F G V b (X) consider the decomposition of ir*F G T> b (Xi) 

F± c -► tt*F -» F c (9) 

with F c G C, F± c G X C = K^ 6 (P(F*)),...,^i_i(i - l)mV b {F(V*))). Then it is clear that 

F c = 77*vr*F. (10) 

Lemma 5.5. If RHom(F, 7r*(F[ c (0, k))) = £fcen we have a canonical isomorphism 

Uo mvb{Xi) (7r*F,TT*F'(0,k)) * Hom c (7*7r*F,(7*7r*F , )(fc)). 

Proof: Applying the functor RHom(7r*F, -) to the exact triangle F{ c (0, fc) — > tt*F'(0, k) — ► F^O, fc) and 
taking into account the isomorphism RHom(7r*F, F{ c (0, fc)) = RHom(F, 7r*(F[ c (0, fc))) = we deduce 
Hom(vr*F, vr*F'(0, fc)) Hom(vr*F, F^(0, fc)). It remains to note that 

Uo mvb{Xl) (7r*F,F^0,k)) - Hom pb(A , l) (7r*F,77*7r*F'(0,fc)) - Hom c ( 7 *7r*F, 7 *7r*F'(fc)). 

□ 

Recall a semiorthogonal decomposition Aq = (ao(ao(l)), • • • j a o( a i-i('))) constructed in lemma 4.3. 
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Lemma 5.6. Let F G (a* {a (l)), . . . , a* {a k (k + 1))) C A C V b {X). Then 

A^l) ® Op(y*)(-k),Ai(l) B O nv ,){l - k), . . .,Ai(l) El P( y,)(-l) 

^ 2 (2) B P( y»)(l - fc), . . . ,^ 2 (2) El Op (V .)(-l) \ 

A(*;)KIOp(v)(-l) 

Proof: Consider a decomposition of tt*F with respect to the semiorthogonal decomposition T) b {Xi) = 
(C,Ai(l) EI £> b (P(V*)), . . . ,^i_i(i - 1) El P fe (P(y*))>. Then F± c is glued from its components in the 
subcategories .Ai(l) MV b (F(V*)), ... , A\-i(\ - 1) MV b (F(V*)). First of all let us compute the component 
of tt*F in A\-i(\ - l)MV b (F(V*)). It is given by applying to ir*F the right adjoint functor to the inclusion 
functor Ai-i(\ — 1) El P b (P(V*)) -> P 6 (^). To compute this we take F G - 1), Gi € £> 6 (P(V*)), 

F2 = F, G2 = and consider the triangle of lemma 5.1. The second term of this triangle vanishes 

because F\ G — 1) and F2 € A® and the first term vanishes because 

RHom x (F 1 ,F 2 (-l)) = RHom x (F 1 (l),F 2 ) = RHom^^i^l)), F 2 ) 

and since F\ G *4.i-i(i — 1) = (i — 1) we have Q!q(-Fi(1)) G ctQ{a\-\(\)) which is orthogonal to the 
category (09(00(1)), . . . ,a,Q(a k (k + 1))} by lemma 4.3. Therefore the component of the object ir*F in 
the category .Ai_i(i — 1) El V b (F(V*)) is zero. Similar arguments show that the components of ir*F in 
A\- 2 (\ - 2) El V b (F(V*)), ... , A k+ i{k + 1) El V b (F(V*)) are also zero. 

Now let us compute the component of 7T*F in A k (k) EI T> b (F(V*)). It is given by applying to tt*F the 
right adjoint functor to the inclusion functor A k (k) EI V b (F(V*)) — > T> b (Xi). To compute this we take 
Fi G Ak(k), G\ G V b (F(y*)), F 2 = F, G 2 = Op(y*) and consider the triangle of lemma 5.1. Note again 
that the second term vanishes because F\ G A k (k) and F 2 G Ao, hence 

RHom Xl (F 1 MG,TT*F) * RHom x (iq, F(-l)) ® RHom P( y*)(G, P( y*)(-l))[l], 

and since the embedding of A k (k) El V b (F(V*)) into V b (X 1 ) is fully faithful by lemma 5.3, we conclude 
that the component of tt*F in A k (k) ® V b (F(V*)) equals a k <r k (F(-l)) El Op (v .)(-l)[l]. 

Now let us compute the component of 7r*F in ^_ 1 (/c — 1) El V b (F(V*)). It is given by applying to the 
fiber of the morphism a k a k (F(— l))EICWy*)(— 1)[1] — > 7r*F the right adjoint functor to the inclusion func- 
tor A k -i(k- l)mV b (F(V*)) -^V b (X 1 ). To compute this we take F x G A-i(^-l), d G £> 6 (P(V*)), and 
either F 2 = a k a k (F(— 1)), G2 = Op(y*)(— 1) [1] , or F2 = ir*F, G 2 = 0. Repeating the above arguments we 
see that the projection of the target equals afc_iQ!j 1 ._ 1 (F(— l))EK9]p(y*)(— 1)[1], and the projection of source 
is the cone of the morphism a fc aj b (F(-l))(-l)KIOp (v , ) (-2)[l] -> a fc _i4_ 1 a fc Q) t (F(-l))KO P( y, ) (-l)[l]. 
Both projections are contained in A k -\(k — 1) El (0 P (y*)(— 2), P (y*)(— 1)), hence the same is true for 
the corresponding component of F± c . 

Proceeding in the same manner we deduce the rest of the lemma. □ 

Now we can prove 

Proposition 5.7. The restriction of the functor 7* o it* : V b {X) — > C to the subcategory Aq C V b (X) is 
fully faithful. 

Proof: Take F,F' G A . Then F' ±c G ir*{V b {X)) <g> (C P( y*)(l - i), . . . , P( y*)(-l)) by lemma 5.6. On 
the other hand, by corollary 5.2 the pushforward functor 7r* : T> b (X\) — ► D & (X) takes the subcategory 
7r*(D b (X)) (g) <^0 P( -y*)(2 — AT), . . . , P (y*)(— 1)) to zero. Since N > \ hy assumption (6), we conclude 
that 7T*Fl c = 0. Therefore, by lemma 5.5 we have Hom(7*vr*F, 7*tt*F') ^ Hom(vr*F, ir*F') which is 
isomorphic to Hom(F, F r ) by corollary 5.2. □ 

The following corollary is not needed below, however we put it here as an illustration. 
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Corollary 5.8. The functors 7r*7 : C -> £> b (X) and 7*vr* : D 6 (X) -> C are splitting. 

Proof: The first functor is right adjoint to the second one, hence it suffices to check that 7*71"* is splitting. 
Since lm(7r*7) C Aq by lemma 5.4 and 7*71"* is fully faithful on Ao we deduce that Ker(7*7r*) = ^Ao = 
^Al(I), . . . , »4i-i(i — 1)) hence is admissible. Moreover, lm(7*7r*) is equivalent to Ao and Ao is saturated, 
hence lm(7*7r*) is admissible. □ 

Let 

i = N — I — max{/c | A k = Ao} (11) 
(note that j > by (6)). Then = for k < N — 1 — j. Consider the subcategories 

B k = 7 *(7T*(K(ao(l)), . . . , a* (a N - k - 2 (N - k - 1))))) C B = 7*(^(A))), (12) 
where we put a; = for I > i for convenience. Note that 

B k = for k > j. (13) 
If the initial Lefschetz decomposition is rectangular then j = TV — i and Bj-i = B-^2 = ■ ■ ■ = B± = Bq. 
Lemma 5.9. The chain of subcategories 

= c i3j_ 2 c • • • c Bi c B c C 
is a chain of admissible subcategories in C. 

Proof: The category (q;q(oo(1)), . . . , ag( a A r -A;-2(TV — k — 1))) is generated by a semiorthogonal collection 
(see lemma 4.3) of admissible subcategories of Aq, hence admissible in Ao, hence saturated. Therefore 
its image under fully faithful functor 7*71-* : Aq — > C is admissible. □ 

Almost the same arguments show the following 

Proposition 5.10. The collection (Bj-i(l — j),Bj_2(2 — j), . . . ,B±(— l),Bo) is semiorthogonal inC. 

Proof: Take F G Ao, F' G (ao(ao(l)), • • ■ , al{a N ^ k -2{N - k - 1))}. Then by lemma 5.6 we have an 
inclusion F' ±c G ir*(V b (X)) ® (O(0, k + 2-N),..., O(0, -1)), hence n*(F' ±c (0, —k)) = by corollary 5.2. 
Therefore, by lemma 5.5 we have an isomorphism Horn (7* 7r*F,7*7r*F'(0,-A;)) = Hom(7r*F, tt*F'(0, -k)) 
which equals zero for 1 < k < j — 1 by corollary 5.2 (note that j — 1 < N — 2 by (11)). □ 

In the following section we prove that the semiorthogonal collection of the proposition generates C. 
For the proof we use some additional assumptions, though the fact must be true without them. It would 
be interesting to find a direct proof. 

We conclude the section with a couple of lemmas that will be useful later. 

Lemma 5.11. We have Im 7r*7 = Aq, Kerj* it* = (Ai(1), ... ,A,-i(\ — 1)) , and similarly Im 7* tt* = Bo, 
Kerir*7D <Bj_i(l-j),...,Bi(-l)>. 

Proof: Since Im ^7 C Ao by lemma 5.4 and the functor 7*71-* (which is left adjoint to 71^7) is fully faithful 
on Ao by lemma 5.7, we deduce that Irrnr^ = Aq, Ker7*7r* = -'-.Ao = (Ai(l), . . . , A\-i(\ — 1)), and 
Im7*7r* = 7*tt*(A)) = Bo. Therefore Ker7r*7 = Bq D (flj_i(l - j), . . . ,Bi(-l)> by proposition 5.10. □ 

Lemma 5.12. We have 7*7r*«A (l), . . .,Ar- 2 (r - l))"*") C B N - r . 

Proof: Since (Ai(l), ■ ■ . , A-i(i-l)) = Ker( 7 *7r*) we have 7*tt*(F) = ~f*7r*a* (F) for any F £ V h (X). On 
the other hand, by lemma 4.4 we have Qq (^Aq(1), . ■ ■ ,A r -2(r - 1))^) C (ao(ao(l)), ■ ■ ■ , «o( a r-2(^ — 1))) 
and by definition of B^-r we have 7*7r*((aQ(ao(l)), . . . ,ag(a r _2(?* — 1)))) = Bn-v D 
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Remark 5.13. Consider any smooth base scheme S (not necessarily compact) and assume that p : X — > S 
is an algebraic S'-variety, projective over S with an S-linear Lefschetz decomposition. Then all results 
of this section can be proved by essentially the same arguments. We only should replace RHomx by 
RHomx, and the Serre functor of X by the relative Serre functor of X over S (see [Kl]). 

6. HOMOLOGICAL PROJECTIVE DUALITY 

Recall the assumptions of the previous section: we have a smooth projective variety X with an effective 
line bundle Ox(l), a Lefschetz decomposition (2) of its derived category, a vector space of global sections 
V* C T(X,OxO-)) such that (6) holds, i.e. N = dimV > i (i is the number of terms in the Lefschetz 
decomposition). Assume also that the space V* generates Ox(i), so that we have a regular morphism 
f:X^F(V). 

Recall that we denoted by X\ C X x P(V*) the universal hyperplane section of X and by C the right 
orthogonal to the subcategory {A\{1) B V b (F(V*)), . . . ,Ai-i(} - 1) Kl V b (F(V*))) in V b (X 1 ), 

C = (Ai(l) B V b (F(V*)), Ai-i(\ - 1) K V b (F(V*)))^ {Xl y 

Note that the category C is a module category over the tensor category V b (F(V*)): if F G C and 
G G V b (F(V*)) then F ® /*G G C. 

Now we need some additional assumptions. Assume that C is geometrical, meaning that C is equivalent 
to the derived category of coherent sheaves on some algebraic variety Y. Let <I> : V b {Y) — * V b {Xi) denote 
the composition of the equivalence V b {Y) — ► C with the inclusion functor 7 : C — > V b {Xi). Further 
assume that the module structure on C is geometrical, meaning that there is an algebraic morphism 
g : Y — > P(V*), such that there is an isomorphism of bifunctors 

&(F ® ff*G) ^ /*G, F G I? 6 (y), G G P 6 (P(F*)). 

In other words, the functor $ is assumed to be P(F*)-linear. Note also that the functor : T> b {Y) —> 
V b (X\) is fully faithful, hence by Orlov's Theorem [02] it can be represented by a kernel on Y x X±. 
Moreover, it is easy to see that P(F*)-linearity of the functor <E> implies that the kernel of $ is supported 
set-theoretically on the fiber product Y x-p(y*) X\- Actually, it is natural to conjecture that the kernel is 
supported even scheme-theoretically on the fiber product (this must be a relative version of the Orlov's 
Theorem). However, we don't address this question here, taking this as an additional assumption. Finally, 
note that 

Y x P( y*) Xi = Q(X,Y) := (X x Y) x P(v)x , (v ., Q, 
where Q = {(v,H) G F(V) x F(V*) \ v G H} is the incidence quadric. 

Definition 6.1. An algebraic variety Y with a projective morphism g : Y — > P(V*) is called Homologically 
Projectively Dual to / : X — > F(V) with respect to a Lefschetz decomposition (2), if there exists an object 
8 G V b {Q(X, Y)) such that the functor $ = <S> £ : V b (Y) V b {X 1 ) is fully faithful and gives the following 
semiorthogonal decomposition 

V b (X l ) = mv b (Y)),A 1 (l)MV b (F(V*)),...,A- l -i(\-l)MV b (F(V*))). (14) 

In the next section we will reveal relation of the Homological Projective Duality to the classical projec- 
tive duality, and now we will state and prove the main theorem about Homologically Projectively Dual 
varieties. 

For every linear subspace L C V* we consider the corresponding linear sections of X and Y: 

X L =X x P(y) P(L X ), Y L = Y x P(y *) F(L), 
where L 1 - C V is the orthogonal subspace to L C V*. 

18 



Definition 6.2. A subspace L C V* is called admissible, if 

(a) dimXi = dimX — dimL, and 

(b) dim Y L = dim Y + dim L - N 

The main result of this paper is the following 

Theorem 6.3. If Y is Homologically Projectively Dual to X then 

(i) Y is smooth and V b {Y) admits a dual Lefschetz decomposition 

V\Y) = - j), . . . , Bxt-l), B ), OcB H C-cBiCB C V b {Y) 

with the same set of primitive subcategories: Bk = (oo, • • • , ajv-fc-2); 

(ii) for any admissible linear subspace L C V* , dimL = r, there exist a triangulated category Cl and 
semiorthogonal decompositions 



V b {X L ) 
V\Y L ) 



(C L ,A(l),---,A-i(i-r)) 
(B-^N-r -}),..., B N - r (-l),C L ). 



This theorem can be illustrated by the following picture: 



Figure 1. Illustration of theorem 6.3: N = 20, i = 6, j = 19, r = 3 
B 18 Byj B 16 B 15 B u B 13 B 12 B n B 10 B 9 B 8 B 7 B 6 B 5 B 4 B 3 B 2 B l B 



A3 

a 5 



A Ai A 2 



A 3 M A 5 



The bold Young diagram on the left represents the Lefschetz decomposition of D b (X) and the rest of 
the rectangle represents the dual Lefschetz decomposition of T> h (Y). We divide the picture by a vertical 
line after the column with number r = 3. The hatched area on the right of this line represents the part 
of the Lefschetz decomposition of V b (X) which is present in and the hatched area on the left of 

this line represents the part of the Lefschetz decomposition of V b {Y) which is present in V b (YL). 

In fact the Lefschetz decomposition of T> b (Y) was constructed in the previous section. Indeed, by def- 
inition of Homological Projective Duality the category T> b (Y) is equivalent to C and we have constructed 
a Lefschetz collection — j), . . . , B\{— l),<Bo C C in proposition 5.10. The additional claim of the 

first part of the theorem is that this collection generates V b (Y) = C. 

The claim of the second part of the theorem can be reformulated as follows. Derived categories of 
orthogonal admissible linear sections of Homologically Projectively Dual varieties admit semiorthogonal 
decompositions, one part of which comes from the Lefschetz decompositions of the ambient varieties, and 
the additional parts are equivalent. This behavior, analogous to the Lefschetz theory for cohomology of 
linear sections, was a motivation for our terminology. 
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6.1. Universal families of linear sections. To prove the main theorem it is convenient to consider the 
universal families of linear sections of A and Y. All r-dimensional subspaces L C V* are parameterized 
by the Grassmannian Gr(r, V*) which we denote for short by P r . Let £ r C V* ® Op r be the tautological 
rank r subbundle on the Grassmannian P r and let Cjr := (V* <g> Op r /C r )* CV® Op r be the orthogonal 
subbundle. Then the universal families of linear sections of A and Y are 

X r = (X x P r ) x P(y)xPr P Pr (£^) C X x P r , 

y r = (Y x P r ) x P(v * )xPr P Pr (£ r ) c7xP r , 

It is clear that both X r and y r are fibred over P r = Gr(r, V*) with fibers Xl and Yl over a point 
corresponding to a subspace L C V*. 

Consider the fiber product X r Xp r y r and the projection ir r : X r Xp r y r — ► X x y. Since for any vector 
subspace L C V* the product P(L- L ) x P(L) is contained in the incidence quadric Q C P(F) x P(F*) it 
follows that 7r r factors via a map ( r : X r xp r y r ^ Q(X, Y) C X x y. 

Consider the object £ r = C*£ G V b (X r x Pr as a kernel on X r x It gives the following kernel 
functors $ r = $ £r : V b (y r ) -► P 6 (-Y r ) and = $^ : P 6 (^ r ) -► P 6 (^ r ). We will check below that the 
functors 3> r are splitting for all r and that there exist the following semiorthogonal decompositions 

V b {X r ) = (C r ,Ar(l)^V b (P r ),...,A l - 1 (\-r)mV b (P r )) 

V b {y r ) = (B^N - r - i)®V b (P r ),. . . ,B N - r (-l)®V b (P r ),C r ). 

where C r = Im <& r . After that we deduce from this the main theorem 6.3 using the faithful base change 
theorem 2.39. 

For the proof of the above decompositions we use induction in r. Note that for r = 1 we have 
Pi = P(V*), yi = y, Xi is the universal hyperplane section of X and E\ = S, hence the base of 
induction is given by the definition of Homological Projective Duality (C\ = C = V b {Y)). 

To compare the universal families X r -\, y r -\ and X r , y r we take for a base scheme 

S r = Fl(r - 1, r; V*) C Gr(r - 1, V*) x Gr(r, V*) = P r _i x P r , 

the partial flag variety. The scheme S r parameterizes flags L r _i C L r C V* such that dimL r _i = r — 1, 
and dimL r = r. Let (ft : S r — > P r _i and -0 : S r — > P r denote the natural projections. Let £ r _i = cft*C r -i, 
£ r = ip*£ r , C r L _ 1 = (ft*C r L _ 1 , C^r = ip*C^r. Then we have the universal flags of subbundles 



C r -1 c C r cf® Sr , Cf c C^0 Sr , 



(15) 



Denote 



Note that 



X r -i 

y r -i 



X r -\ Xp r l S r c X x S r , 

>V-i xp r _i s r c y x s r , 



X r 



X r Xp„ S r cl x S. 



x = y r x Pr s r c y x s r 



r-f r _i — (A x S r 

3> r -i = (y x s r ) 



< p(y)xs r 
; p(y*)xs r 



Ps r (^_i), 



(A x S r ) x P(y)xSr P Sr (^), 

(y X s r ) x P(y * )xSr p Sr (£-). 

Therefore the embeddings (15) induce embeddings £ : X r —> X r -\ and 77 : - ► Consider 
the following commutative diagrams (the squares marked with | EC | are exact cartesian by lemma 2.31, 
because the maps (ft and tp are flat) 



Sr < X 



»? ~ 9t— 1 
— 3>r-l 



P 



EC 




EC 



3-V-l *■ Pr— 1 




(16) 



where f r -i, f r , 9r-i and g r are the natural projections and (ft = <ft £> tp = tft ° i]. 
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Let £ r -\ € T){X r -\ xg r y r -i) and £ r € T>(X r Xs r y r ) denote the pullbacks of the objects £ r -i an d 
£ r via the projections X r -\ Xs r y r -i — > %r—i x P r - 1 3^— 1> x s r 3V — ► <^r x P r 3V Then we have the 
corresponding kernel functors $ r _i, <3? r e.t.c between the derived categories of X r -i, y r -i, X r and y r . 

The induction step is based on relation of the functors <E> r -i, <£ r , $ r _i and <3? r to the base change 
functors ip*, ip*, <f>* , (p* and to the functors of the pushforward and pullback via £ and rj. The relation 
to ip*, ip*, (f>* and 0* is given by lemma 2.37. The relation to £ and rj in a sense is the key point of the 
proof. We prove that £*l> r _i = Ivr/* and that the "difference" between £*$ r and 3V-]V is given by a 
very simple functor. 

Other results in this section (e.g. the above semiorthogonal decompositions) are proved by similar 
arguments using (either ascending or descending) induction in r. 

The section is organized as follows. We start with some preparations concluding with a description 
of the relation of the functors 3> r _i and <J> r to the pushforward and pullback via £ and r\. Then we use 
induction in r to prove the semiorthogonal decompositions. 

6.2. Preparations. 

Lemma 6.4. Y is smooth. 

Proof: By definition of Homological Projective Duality T> b (Y) is a full subcategory of D b (Xi). On the 
other hand, in the following lemma we prove that X\ is smooth, hence its derived category V b {X\) 
is Ext-bounded by lemma 2.25. Therefore V b (Y) is also Ext-bounded, hence Y is smooth again by 
lemma 2.25. □ 

Recall that P r = Gr(r, V*) is the Grassmannian parameterizing linear sections of X and Y, and X r , 
y r are the universal families over P r of linear sections. 

Lemma 6.5. The projections X r — > X, y r — > Y and ( r : X r xp r ^ r — > Q(X, Y) are smooth. In particular, 
X r and y r are smooth and 

dim X r = dim X + dim P r — r, dim y r = dim Y + dim P r + r — N, 
dim X r x p r X' = dim X + dim V + dim P r — N. 

Moreover, the maps f r : X r — > P r and g r : y r — > P r are projective. 

Proof: Note that we have the following isomorphisms 

X r = Gr x {r,V x ), y r = Gr y (r - 1, Vy), ^ x Pr ^ r = Gr Q(xy) (r - 1, Vq) 

with the relative Grassmannians, where the bundles Vx, Vy are defined from exact sequences 

-> Vx -> ® Ox -» 0, -» Oy(-l) -> y* ® Oy -> Vy -> 0, 

and Vq is the middle cohomology bundle of the complex 

Oq( X ,y)(0, -1) -> V* ® C»Q(x,y) -> CQ(x,y)(l, 0). 

From this and lemma 6.4 we easily deduce the smoothness and compute the dimensions. It is also clear 
that the fibers of the projections X r — > P r , and y r — > P r are linear sections of X and V corresponding 
to subspaces L € P r , so they are projective. □ 

Lemma 6.6. In parts (i) and (ii) below k stands either for r or for r — 1. 

(i) Xj, is the zero locus of a section of vector bundle ^ £■% on X x S r ; 

(ii) y^ is the zero locus of a section of vector bundle Oy(l) Kl Cj:* onYx S r ; 
(Hi) X r is the zero locus of a section of line bundle Ox(l) ® (£r/£r-i)* on Xr—i> 

(iv) y r -i is the zero locus of a section of line bundle Oy(l) <8> (C^r_i/ Cjr)* = Oy (1) % (C r / ' C r -i) on y r . 
All these sections are regular. 
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Proof: The parts (i) and (ii) evidently follow from the definition of X k C X x S r . The parts (Hi) and 
(iv) follow from the exact sequences 

- (Cr/Cr-l)* - A* - K-l - o, - (C±--l/£rY - (^-i)* - - o. 

Finally, it follows from lemma 6.5 that dim^f r _i = dimX + dimS r — (r — 1), dimAV = dimA + dim S r — r, 
since the base changes S r — > P r _i and S r — > P r are flat. Therefore the sections in the parts (i) and (Hi) 
are regular. The sections in the parts (ii) and (iv) are regular by similar reasons. □ 

Lemma 6.7. For any r < k < i - 1 the functors A k M V b (P r ) C V h (X x P r ) V b (X r ) are fully 
faithful, and the collection (A r (l) M V b (P r ), . . .,A\-i(\ -r)M V b (P r )) C V b (X r ) is semiorthogonal. 

Similarly, for any N - r < k < j - 1 the functors B k M V b (P r ) C V b (Y x P r ) V b (y r ) are fully 
faithful, and the collection (B h i(N -r-])MV b (P r ), . . . , B N - r (-l)MV b (P r )) C V b (y r ) is semiorthogonal. 

Proof: Analogous to the proof of lemma 5.3 using the Koszul resolutions of Ox r on X x P r and of Oy r 
on Y x P r . □ 

Now we describe the maps ift and (ft. 

Lemma 6.8. The maps (ft, tft, (ft and ift are projectivizations of vector bundles. Explicitly, (ft is the 
projectivization ofV* <S> OjC r , tft is the projectivization of C*, (ft is the projectivization ofVx/£r-i> an d 
ift is the projectivization of (C r /0^(y *}(—!))* , where the embedding 0p(y*)(— 1) — > C r is induced by the 
projection y r -»• F Pr (£ r ) -► F(V*). 

Proof: By definition of S r the fiber of (ft is the set of all lines in V/L r -i and the fiber of ift is the set of 
all hyperplanes in L r . Similarly, the fiber of (ft is the set of all lines in V/L r _i contained in V x , where V x 
is the fiber at x of the vector bundle Vx on X defined in the proof of lemma 6.5, and the fiber of ift is 
the set of all hyperplanes in L r passing through a point y € F(L r ). □ 

Applying results of [01] we deduce the following. 

Corollary 6.9. The functors (ft* , ift*, (ft* and ift* are fully faithful and we have 

(ft*(ft* id, ift*ift* = id, (ft J* = id, 4>*4>* = id. 

Recall that we have defined the objects £ r on X r x Pr y r as the pullbacks of £ G V b (Q(X, Y)) via the 
map X r xp r y r — > Q(X,Y), and the objects £ r -i and £ r as the pullbacks of £ r -\ and £ r via the maps 
(ft : X r ^i x Sr y r _i X r _i x Pr _ 1 y r _i and ift : X r x Sr y r -»■ ,Y r x Pr The functors $ r _i, $ r , 

$ r _i, 4> r , and are kernel functors of the first and second type corresponding to the kernels 

£ r -i, £ r , £r-i and £ r respectively. 

Lemma 6.10. The functors 3> r _i, <& r , ^V-i an d ®r have right adjoint functors ^r-i? anc ^ ^r? 

and /e/t adjoint functors ^ these functors take bounded derived categories to 

bounded derived categories. 

Proof: First of all note that £ r = (*.£ is bounded because ( r : X r x P r X — » <3(A, Y) is smooth by 
lemma 6.5. Since X r and X- are smooth by lemma 6.5 it follows that the pushforward of £ r to X r x y r 
is a perfect complex. In particular it has finite Tor and Ext-amplitude over X r and y r . On the other 
hand, the projections of X r Xp r y r to the factors are projective because the projections of X r and y r 
to P r are projective by lemma 6.5. Therefore by lemma 2.27 the functor <E>[ is right adjoint to <lv and 
by lemma 2.28 there exists a left adjoint functor $* to <£ r . Moreover, all these functors take bounded 
derived categories to bounded derived categories. The same arguments prove the rest of the lemma. □ 
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Proposition 6.11. We have functorial isomorphisms 



Proof: Note that the base changes <j> and ip are smooth, hence they are faithful by lemma 2.35 and we 
conclude by lemma 2.37. □ 

Now we go to the relation of the functors $> r -i and $ r to the pushforward and pullback via £ and rj. 
Consider the following diagram 

x r x Sr y r -i - ; x r x Sr y r 



Xr-1 ><S r y r -l Xr-1 XS r $r X xY 

where n is the composition X r -\ Xg r ^ r C x j) r C (X x S r ) x (Y x S r ) -^IxF. 

Lemma 6.12. T/ie maps £ and r/ in the above diagram are divisorial embeddings and 

£ ! R = T(-) ® O(l,0) ® (4/4-i)*[-l], = »/*(-) ® O(0, 1) ® (17) 

Moreover, we have the following scheme-theoretical equalities 

(X r -1 ><S r 1) n (<*V ><S r X) = X r X Sr j> r _i, /-.ox 

{Xr-i x Sr y r -i)U(X r x Sr y r ) = tt~\Q(X,Y)). 1 ' 

and the following square is exact carthesian 



(Xr-X X Sr y r -l) U X Sr X) *" Xr-1 X Sr 

Q(X, Y) ! > Xx7 



(19) 



Proof: Consider the projections of X r Xs r <^r-i x s r x s r iV and X r —i xs r ~y r to X x Y . It is 

easy to check that their fibers over a point (x, y) £ (X, Y") are subsets of the flag variety Fl(r— 1, r; 1/*) = S r 
consisting of all flags L r _i C L r satisfying the following incidence conditions 

y C L r _i j/ C L r _i C V x L r _i L r _i c V x 

n , n , n and n 

L r C V x L r y C L r C V x y C L r 

respectively. In particular, the first three fibers are empty if (x,y) Q(X,Y). On the other hand, 
over Q(X,Y) the first three fibers are irreducible, have dimension (r — 1)(N — r) — 1, (r — l)(iV — r) 
and (r — l)(iV — r) respectively, and the first of them is the intersection of the other two. On the 
contrary, the fourth fiber is irreducible and (r — 1)(N — r)-dimensional if (x,y) Q(X,Y) and for 
(x,y) € Q(X,Y) it coincides with the union of the second and the third fibers (if y C V x and y (£_ L r _i 
then L r = {y, L r _i) C V x ). It follows that images of £ and n have pure codimension 1. Since they are also 
zero loci of line bundles by lemma 6.6 (Hi) and (iv), we conclude that £ and r\ are divisorial embeddings. 

The above arguments also prove the first equality of (18) on the scheme-theoretical level and the second 
equality on the set-theoretical level. Taking into account that the LHS of the second equality is the zero 
locus of the line bundle 0x(l) <8> CV(1) by definition of Q(X,Y), and that the RHS of the equality is 
the zero locus of the line bundle (OxQ-) ® ® (Oy(l) <S> (C r /C r -\)) by lemma 6.6 (in) and 

(iv), and noting that these bundles are isomorphic, we deduce that the second equality is also true on 
the scheme-theoretical level. Finally, we note that the square (19) is exact cartesian by lemma 2.31 (Hi) 
since 1x7 and Q(X,Y) are Cohen-Macaulay. □ 
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Consider the pullback £ = (*£ of £ from Q(X, Y) to (X r -\ xs r 5r-i) U (X r xg r X). Let us also denote 
C(A;, Z) := Ox(k) <8> 0y(O for brevity. The following lemma gives a relation of £ r _i and £ r . 

Lemma 6.13. We have the following exact triangle on X r -i Xs r 3V' 

£*£ r (0, -1) ® (Cr/Cr-l)* -» • (20) 

Moreover, we have an isomorphism on X r Xs r 1' 

if £ r - (21) 

anc? an isomorphism on X r -\ x§ r 3^r 

iS=^*i*£. (22) 

Proof: Since the square (19) is exact cartesian we have z*£ = i tf Q*£ = Tr*i*£ which gives us (22). 
Triangle (20) can be obtained by tensoring the resolution (the twist of the left term is determined by 
lemma 6.6 (iv)) 

with 5 and applying z*, since the pullback of 5 to Af r _i Xs r an d <-f r Xs r 3-V coincides with £ r -i and 
£ r respectively. Finally, (21) is evident, because both sides are isomorphic to the pullback of £ . □ 

Corollary 6.14. We have the following exact triangles of functors between V b {X r -\) and V b (y r ) ■' 

•UlVWtr/tr-* ^ ^ (24) 

and the following canonical isomorphism of functors from T> b (y r -i) to V b (X r ): 

e*£ r _i 4» r ^. (25) 

Proof: Twisting triangle (20) by O(0, 1) (g> (£ r /£ r _i), considering its terms as kernels, and taking into 
account the second formula of (17) we obtain triangles (23) and (24) by lemma 2.30. Finally, isomorphism 
of kernels (21) gives an isomorphism of functors (25). □ 

Lemma 6.15. (i) The map X r Xp r y r — > y r xy Q(X,Y) induced by the projection X r Xp r y r — > 3-V and 
by the map Q r : X r Xp r y r — > Q(X, F) is a closed embedding and its image is a zero locus of a regular 
section of the vector bundle (C r /0 Y (-l))* <8> Ox(l) on X Xy Y). 

(m) TTte map Af r Xp r X- —> X r x x Q(X, Y) induced by the projection X r Xp r y r ^ X r and by the map 
( r : X r Xp r y r — > Q(X, Y) is a closed embedding and its image is a zero locus of a regular section of the 
vector bundle (C^r /O x (-l))* ® Oy(l) on X r x x Q(X,Y). 

Proof: Recall the notation of the proof of lemma 6.5. It is clear that we have 

X r x Pr y r = Gr Q{X:Y )(r - 1, Vq), 

y r x Y Q(X,Y) = Gr Q{XtY) (r-l,Vy), and X r x x Q(X, Y) = Gr Q{x>Y) (r, V x ). 

Moreover, Vq = Ker(Vy — > 0x(l)) = Ker(Vx — ► Oy(l)). These considerations make the claims of the 
lemma evident. □ 

Lemma 6.16. We have 

(i) lm$ r C [(i r (l),...,i i _i(i-rp^(P r )] 1 cD^ r ); 

(ii) (Bj_i(7V- r -j),..., B N - r {-l))®V b (P r ) C Ker$ r c X» 6 (^ r ). 
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Proof: (i) Consider the following commutative diagram 

y r X r x Pr y r ^ X r 



Y 



y r x Y Q(X,Y) 



Q(X,Y) 



— X 



(the square marked with EC is exact cartesian by lemma 2.31 since the map tt : y r — > Y is smooth by 
lemma 6.5). It is clear that the functor 7r* o <I? r : T> b (y r ) — > T> b (X) is a kernel functor with kernel j*£ r on 
y r x Y Q(X,Y). Further, by definition £ r = {iroj)*£ ^ j*ir*£, hence j*£ r ^ j*j*ir*£ = ir*£®j*Ox rXPr y r . 
On the other hand, by lemma 6.15 we have a Koszul resolution 



-> A r ~ 1 (/: r /Oy(-l)) ® - r) 



A 2 (£ r /Oy(-l))®Ox(-2) 



Xpjr 



0. 



OVx y Q(x,y) 

Considering vr*^ <g> k\£ r /0 Y (-1)) <8> Ox(-t) = tt*(^ ® Ox(-t)) ® g*A*(£r/CV(-l)) as a kernel on 
3V x y Q(AT, y) we note that the corresponding kernel functor ^ : T> b {y r ) — > T> b (X) takes form 

G i ► p*7r*(7r*(£ ® Ox(-i)) ® ?*A*(£ r /CV(-l)) ® 9*G) 

p*(£ ® Ox(-t)) ® 7r^*(A t (£ J ./Oy(-l)) (g) G) = p*(£ ® c ? *7r*(A t (£ J ./e>y(-l)) ® G) <S> O x (-t) = 

$£(7r*(A*(£ r /Oy(-l)) ® G)) ® Ox(-t). 

(in the second isomorphism we used exactness of the square marked with | EC | symbol). Note that 
$£(7r*(A*(£ r /C>y(-l)) ® G)) € «4 for any G G £> 6 (;V r ) by lemma 5.4, hence the image of the functor ^ t 
is contained in the subcategory ^4o( — CD b (X). It follows that I m(7r*<& r ) C (^4o(l — 0> • • • > -^o( — 1)> -4o)- 
But the latter subcategory of V b (X) coincides with (,Ao(l — r), 

lemma 4.5. Therefore we have lm(7r*$ r ) C (^t r (l), . . . , A\-i(\ 
it follows that lm($ r ) C [(Ar(l), ■ ■ ■ ,A-i(\ - r)) ®V b (P r )] ± . 
(ii) Similarly, consider the following commutative diagram 



(A(l),...,A-i(i-r))^by 
)) . Since the functor $ r is P r -linear 



i •A-r— 1 



y r 



X r Xp r 3^r 



Y 



X r X X Q(X,Y) 



Q(X,Y) 



V 



X 



(the square marked with | EC | is exact cartesian by lemma 2.31 since the map ir : X r — > X is smooth by 
lemma 6.5). and functor $ r o-7r* : X> fc (y) — > T> b (X r ) which is a kernel functor with kernel Tr*£®j*Ox r xp y r 
on ,Y r xx Q(X, On the other hand, by lemma 6.15 we have a Kozsul resolution 

_> A JV - r - 1 (£^/O x (-l)) ® Oy(l + r - iV) - • ■ ■ - A 2 (^/O x (-l)) ® CV(-2) -> 

-> (^/Ox(-l)) ® Oy(-l) - ^ r x xQ( x,y) - j*0* r x Pr }v - 0. 

The kernel functors ^ '• T> b (Y) — > V b (X) given by the terms of this resolution tensored by tt*£ take form 

tf t : G ^ K*<$> £ (G(-t)) ® N 1 ^ /O x (-l)), t = 0,...,N-r-l. 
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If G € (Hj_i(iV - r-j),...,Bjv-r(-l)) then for any t = 0, 1, . . . , TV - r - 1 we have 

G(-t)€<iBj_i(l-j),...,Bi(-l)> 

But (flj_i(l -j),...,Bi(-l)> C Ker$£ by lemma 5.11, hence for G e (Sj-i(iV - r - j), . . . , B N - r (-\)) 
and < t < N - r - 1 we have * t (G) = 0. Therefore (i?j-i(Ar - r - j), . . . ,JBjv_ r (— 1)> C Ker($ r o vr*), 



and the claim follows since <I> r is P r -linear. 



□ 



Lemma 6.17. We have $* ~ ([(A--i(l), • • • , - r + 1)) B V b (S r )] L ) C Bjv_ r (-1) B £> 6 (S r ). 

Proof: First of all we note that the claim is equivalent to 

$*^([<A-i(l), • • • , A-i(\ - r + 1)> B ^(Sr)]- 1 ) C Bat-, B P 6 (S r ) 
which we will prove. Consider the following commutative diagram 

p 



Y xS f 



Y 



q 



Xr-l ><S r y r 
j 



r— 1 



;tv_i x y 



x x y 



->■ Af, 



r— 1 



EC 



(the squares marked with | EC | are exact cartesian: the first by lemma 2.31 (Hi) and the second by 
lemma 2.31 (i)). Note also that -it o j = jt, hence ij£ = j*ir*i*£ by (22). It follows that 

^ij(G) = p*(i*£®q*G) ^p*j*(j*ir*uS®q*G) = p*(n*i*£ ® j*q*G) p*(ir*i*£ ®q*j*G) = <S>^i«£(j*G), 

that is ? = ^♦j.f o 7*, whereof by adjunction we have ? = j* o $* . Therefore it suffices to 
check that 

^•i.£([<A-i(l), . . . , A-iO - r + 1)) B P 6 (S r )] ± ) C 6iv-r B P 6 (S r ) in P fe (y x S r ). 
The LHS is evidently S r -linear, hence this is equivalent to 

7r*<&;^ £ ([<A-i(l), • • • ' A '~^ ] -r + 1))® ^(Sr)^) C B N - r in P 6 (y). 

But 

^■kH^G) ^(Tr^i&gV'G) ^p*(tt%£W 

that is ^Tr'j^f o 7r* = 7r* o whereof by adjunction we deduce 7r# o $*»^ £ = $* £ o 7r#, where 7r# 
is the left adjoint functor to ir*. Now note that for the projection it : Y x S r — > y we have vr#(G) = 
7r*(G®u;s r [dimS r ]). On the other hand, for the projection 7r : ^ r _i — > X factors as <£ r _i -^IxS r ^I, 
hence by lemma 6.6 (i) we have 

vr # (F) = tt* (F <g) Ox (r - 1) ® w Sr det [dim S r - r + 1] ) . 

Since line bundles cus r and det£*_ x are pullbacks from S r , it remains to check that 

Hf«A-i(r),...,^i-i(i)>- L ) Cfijv-r inP b (y). 

But it is clear that (.4 T _i(r), . . . , ^li_i(i))" L = (.Ao(l), • • • ,A r -2( r — 1)) and in the notation of section 5 
we have <&* f£ = 7*71-*. Now we see that the desired inclusion is proved in lemma 5.12. □ 
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Lemma 6.18. For all r we have 

Ke(0,m(c r/ c r ^ o ^-i=0, ifr<N-] 

° KmiMCr/C^) . = ' ^fr>l + l 

& r o <£* ff o $ r _! = 0, m oi/ier cases. 

Proof: Note that by lemma 6.16 (i) we have lm$ r _i C [{A r -i(l), ■ ■ ■ , A\-i(\ - r + 1)} M V b (S r )] ± 
and if r > i + 1 then the RHS equals T> b (X r _\). On the other hand, by lemma 6.16 (ii) we have 
Bjv-r(-l) ® ^ 6 (S r ) C Ker4> r and if r < N - j then TV - r > j hence B N - r = by (13). Thus it suffices 
to check that for all r we have 

Ke^mu/c^)^-^ ■ ■ ■ > 4-10 - r + 1)> H ^(S r )]^) c H P 6 (S r ). 

This easily follows from lemma 6.17 (the functor $* ? - - differs from ? by the (£ r /£ r _i)- 
twist, and the line bundle (C r /C r -\) is a pullback from S r ). □ 

6.3. The induction arguments. 

Proposition 6.19. The functors $ r are left splitting functors for all r. 

Proof: We use induction in r. The functor <E>i is fully faithful and its image is left admissible by definition 
of Homological Projective Duality (we have y 1 = Y and 3>i = : V b (Y) — > C C P b (A'i)), hence $i is 
left splitting. Assume that ^r-i is left splitting. Then the functor <Ev_i is left splitting by proposition 3.6. 
Now consider the functor <3? r <3?*<lV77*. Composing an isomorphism of functors (25) with $ r $* we obtain 
an isomorphism 

Composing exact triangle of functors (24) with <£>,. (on the left) and <l> r -i (on the right) we obtain an 
exact triangle of functors 

Composing (25) with $*_ 1 $ J ._i we obtain an isomorphism 

^rTJ^^r-l = C®r-lK-l®r-l- 

Using the induction assumption, criterion 3.3 (21) and isomorphism (25) we deduce 

On the other hand, <3> r <l>* ~ - - .^V-i = by lemma 6.18. Summarizing, we deduce that 

l*C (0,1)® {Cr/Cr — l) 

Finally since ■0*?7*V ; * = = id by corollary 6.9, we have 

by proposition 6.11. Therefore <3? r is left splitting by theorem 3.3. □ 

Corollary 6.20. We have the following semiorthogonal collections in V b (X r ) and V b (y r ): 

(\m<f> r ,Ar(l)^V b (P r ),...,A^ 1 (\-r)mV h (P r )} C V b (X r ) 

(B-^N -r-\)®V b (J> r ),...,B N - r (-\)®V b (V r )M®*r) C ^(X). 
Moreover, the functors 3v and induce an equivalence Im 3v = Im <E>*. 
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Proof: Combine theorem 3.3 with proposition 6.16 and lemma 6.7. 



□ 



It remains to check that these semiorthogonal collections are full, i.e. that they generate the derived 
categories of X r and y r . We begin with the case of y r . 

Proposition 6.21. For all r we have 

V\y r ) = (Bj_i(JV - r - j) H V b (P r ), B N - r (-l) M V b (P r ), Im 

Proof: Note that for s > j we have B s = by (13). Hence for r < N —] the RHS coincides with Im 
and since we already know that <E> r is splitting, for r < N — j it suffices to check that Ker <£ r = 0, that 
is that <J> r is fully faithful. The arguments are the same as in the proof of proposition 6.19, the only 
difference is that we use the first equality of lemma 6.18 instead of the third. 

We use induction in r. In the case r = 1 we have y\ = Y and <&i is fully faithful by definition of 
Homological Projective Duality. Now let 1 < r < N — j and assume that $V_i is fully faithful. Then 
the functor is fully faithful by proposition 2.38. Now consider the functor &*$ r r)*. Composing an 

isomorphism of functors (25) with 5>* we obtain an isomorphism 

Composing exact triangle of functors (24) with $ r _i we obtain an exact triangle of functors 
Since the functor $ r _i is fully faithful we have 

On the other hand, ,s ^r- 1 = by lemma 6.18 since r < iV — j. Summarizing, we deduce 

l*t(0,lj® (Cr/C, — l) 

that 

Finally since = V'*^* = id by corollary 6.9, we have 

by proposition 6.11. Therefore <£ r is fully faithful. 

For r > N — j we also use induction in r. However the arguments are slightly different in this case. 
Assume that r > N — j + 1 and the claim for r — 1 is true. Assume that G is in the right orthogonal to 
the category (#j-i(iV - r - j) M V b (P r ), . . . , B N - r (-l) M V b (P r ), Im $*). By proposition 6.11 we have 
$ r (V>*G) = ^*$ r (G). But $ r (G) = since G G (Im ^* r ) ± , hence * r (^*G) = 0, thus ip*G G (Im ^*) ± . On 
the other hand, for any F G Bjv-r+t( — 1 — t),H<E V b (S r ) we have 

^ RTiom(ip*F <g> #, Y>*G) tp*(RHom(ip* F, ^j*G)®H*)^ V*(V>* RHom(F, G) <g> iJ*) = 

RHom(F, G) ® ^*(tf*) = RHom(F ® (^(H*))*, G) 

whereof we deduce that € (<6Ar_ r +i(— 1 — t) ® X^S,,))- 1 . Combining these two inclusions we see 
that V*G G (#j-i(iV - r - j) B £> fe (S r ), . . . , £jv_ r (-l) IEI P b (S r ), Im Recalling lemma 6.17 we note 

that if)*G is in the right orthogonal to the image of the first two terms of the triangle (24) applied to 
the subcategory [(„4 r _i(l), . . . , «4i-i(i — r + 1)) M V b (S r )]- L . Therefore if)*G is in the right orthogonal 
to the image of f?*'!*.! applied to the subcategory [(A r -i(l), ■ ■ ■ ,A\-i(\ - r + 1)) B V b (S r )]- L . But 
from lemma 6.16 it follows by adjunction that [(A--i(l), • • • ,A\-i(\ - r + 1)) M T> b (S r )] C Ker4>*_i- 
Therefore ip*G is in the right orthogonal to the image of the functor 77*$*_ 1 . By adjunction we deduce 
rf l ijj*G G (Im *;_!)-"-. 
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On the other hand, by lemma 6.6 (iv) we have the following resolution 



which implies that 77*(Bjv_ r +i(-l - t) B £> 6 (S r )) C (£;v_ r+t (-2 - t), B N - r+t (-l - t)) Kl P 6 (S r ) for any 
i, and since we have B^-r+t C BN-r+t-i we conclude that 

T7*<jBj_i(iV - r - j + 1), . . . , ^ r+1 (-l)) IE] P 6 (S r ) C <Bj_i(W - r - j), . . . , ^-,(-1)) IS P 6 (S r ). 

Therefore 7/ ! f G G [(£j-i(iV - r - j + 1), . . . , B N _ r+1 (-l)) B V b (S r )} ± . Summarizing we deduce that 
ryij}*G = by the induction hypothesis. But ryip*G = rf^*G®0 Y {l)®{C r /C r -{)[-\] by lemma 6.6 (iv), 
and rfip* = ip* is a fully faithful functor by corollary 6.9, hence G = 0. □ 

Corollary 6.22. We have V h (Y) = (flj_i(l - j), . . . ,Bi(-l),Sb). 

Proof: Note that Pat is a point, 3V = Y, %N = 0, and apply proposition 6.21 for r = N. □ 

Fullness of the semiorthogonal decomposition of V b (X r ) will be proved by a decreasing induction. The 
base of induction is given by the following 

Lemma 6.23. We have Im $jv_i = V b (X N ^i). 

Proof: Note that Xn-i = X and the projection ir : X^^i — > X is the identity. Therefore, the functor 
7r* o $jv_! considered in the proof of lemma 6.16 (i) coincides with 3>jv-i- Further, note that — 
Py(Ker(y ® Oy — > Oy(l))), and, moreover, the projection to Y coincides with tt and the Grothendieck 
ample line bundle coincides with Cjf_ v It easily follows that for < t, s < N — 2 we have 



But Im <3?£ = Aq by lemma 5.11, hence Im ^at-i contains Ao(—s) for < s < N — 2. It remains to note 
that Im $at_i is triangulated subcategory of T> b (X) since $at-i is a splitting functor by proposition 6.19, 
and on the other hand by lemma 4.5 we have (Aq(2—N), . . . ,Ao) = (Aq(2-N), . . . ,A]-i(\ + l-N)) (note 
that N > i by assumption (6)), and the latter category evidently coincides with V b (X) = V b (X^^i). □ 

Proposition 6.24. For all r we have 



Proof: The arguments are analogous to those used in the proof of proposition 6.21. 

Note that for s > i we have A s = 0. Hence for r > i the RHS coincides with lm$ r , and since we 
already know that <J> r is splitting, for r > i it suffices to check that Ker <£* = 0, that is that $* is fully 
faithful. For this we use descending induction in r. 

In the case r = N — 1 we know that Im &n~i = D b (^N~i) by lemma 6.23. Now let i < r < N — 1 and 
assume that <3? r is fully faithful. Then the functor <3? r is fully faithful by proposition 2.38. Now consider 
the functor ^*$ r _i$*_ 1 . Composing exact triangle of functors (24) with $ r we obtain an exact triangle 
of functors 




Hence in the notation of the proof of lemma 6.16 (i) we have 




It follows that 



$jv-i(7r*G ® S'iCjf^)) = $ £ (G) <g> O x (-s). 



V b (X r ) = < Im $ r , A r (l) B V b (P r ), Ai-iO -r)M V b (P r )). 



i»£(0,l)®(£ r /£ r _i) 



r-V 
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Composing isomorphism of functors (25) with we obtain an isomorphism 

Since the functor $ r is fully faithful we have 

On the other hand, <J> r <l>* ~ - - = by lemma 6.18 since r > i + 1. Summarizing, we deduce 

i*£(0,l)(g)(£r/£r-l) 

that 

Finally, since (/)*£,*(()* = (f>*(t>* = id by corollary 6.9, we have 

by proposition 6.11. Therefore is fully faithful. 

For r < i we also use induction in r. However the arguments are slightly different in this case. Assume 
that r < i and the claim for r is true. Assume that F is in the left orthogonal to Im $V_i and in the right 
orthogonal to the category (A--i(l) E V b (P r _ 1 ), . . .,A\-i{\ - r + 1) M £> fe (P r _i)}. Then by the same 
arguments as in the proof of proposition 6.21 we check that <j)*F is in the left orthogonal to Im $ r _i and 
in the right orthogonal to the category (A--i(l) E V b (S r ), A\-i(\ - r + 1) M V b (S r )). Note that by 
adjunction it follows from lemma 6.17 that 

Ke^imlr/Cr-^-ri- 1 ) ® ^(Sr)]" 1 ) C (A-l(l) ® P 6 (S r _!), . . . , - r + 1) B V b (S r ^)) L± . 

We deduce that 4>*F is in the left orthogonal to the image of the first and the third terms of the 
triangle (23) applied to the subcategory [£V_ r (— 1) M T> b (S r )]- L . Therefore 4>*F is in the left orthogonal 
to the image of £*4> r applied to the subcategory [B N - r (-l)MV b (S r )] ± . But [B N - r (-l)MV b (S r )} C Ker$ r 
by lemma 6.16, hence <j>*F is in the left orthogonal to the image of the functor £*<3> r . and by adjunction 
we deduce that £*(/>* F € ^(Im 4> r ). 

On the other hand, by lemma 6.6 (Hi) we have the following resolution 

o - o^J-i) ® (AyA-i) - o^_ x - £*e^ - o 

which implies that £*(A+t(l + t) B £> 6 (S r )) C (A+t(*)> A+t(l + *)) ^ 1,6 (S r ) for any t, and since we 
have Ar+t C B r+ t-i we conclude that 

£*(A(1) B P 6 (S r ), . . . , A-i(i - r) B P 6 (S r )> c (A-i B ^ 6 (S r _i), . . . , A-iO - r) B D 6 ^)). 

Therefore £ ! 0*F(-1) G <A(1) B ^ 6 (S r ), . . . , A-i(\ - r) B P 6 (S r )> X . Finally, we have 

£*4>*G ® (£ r /£ r -i)*[— 1] by lemma 6.6 (m). Summarizing we deduce that £*4>*F = by the induction 

hypothesis. But £*<^>* = 0* is fully faithful by corollary 6.9, hence F = 0. □ 

6.4. Proof of the main theorem. In this subsection we prove theorem 6.3 and describe some of its 
generalizations. 

First of all, the first claim of the theorem is proved in lemma 6.4 and corollary 6.22. For the second 
claim, let L C V* be an admissible subspace, dimL = r. Then the map A : Speck — > P r induced by L is 
a faithful base change for the pair (X r ,y r ). by lemmas 2.31 (Hi), 6.6, 6.5 and the definition of admissible 
subspace. Therefore we can apply the faithful base change theorem 2.39. Then theorem 6.3 follows from 
proposition 6.24 and proposition 6.21. □ 
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Remark 6.25. An interesting question is what can we say about derived categories of Xl and Yl when 
L is not admissible. In fact one can show that replacing the naive linear sections Xl and Yl by the 

L L 

derived linear sections (i.e. considering the derived fiber products Xxp^P(L ) and Yx P (y*)P(L)) one 
can manage to get the same semiorthogonal decompositions for their derived categories. 

The same argument with Spec k replaced by any base scheme T proves a relative version of theorem 6.3: 

Theorem 6.26. Assume that T is a smooth algebraic variety and £cF'8 Ot is a vector subbundle, 
rank£ = r, such that the corresponding families of linear sections of X and Y 

X C = (Xx T) x P(v)xT PrOC-L) C X x T, 
y c =(Yx T) x P(y * )xT P T (£) GYxT, 

and their fiber product Xc X T 3^c have expected dimension 

dim Xc = dim X + dim T — r, dim yc = dim Y + dim T + r — TV, 
dim X c x T y c = dim X + dim Y + dim T - N. 

Then there exist a triangulated category Cc and semiorthogonal decompositions 

V b {X c ) = (Cc,Ar(l)mV h (T),...,A l - 1 (\-r)MV h (T)) 

V\y c ) = (B-^N -r-])MV b (T),...,B N . r (-l)MV b (T),Cc)- 

Remark 6.27. Another relative version of theorem 6.3 can be obtained as follows. Consider a base 
scheme S (not necessarily compact), assume that X and Y are algebraic varieties over S, replace the 
assumptions of projectivity of the maps / : X — > P(V) and g : Y — > P(V*) in the definition of Homological 
Projective Duality by projectivity of the maps X — > S 1 x P(V) and Y — > S 1 x P(V*), and assume that 
we are given a Lefschetz decomposition of T) b (X) which is S- linear. We will say that Y is Homologically 
Projectively Dual to X relatively over S if there exists an object £ € V b (Q(X, Y) xsxsS) (the fiber product 
is taken with respect to the canonical map Q(X,Y) cXxY^SxS and the diagonal embedding 
S —> S x S) such that the functor <E>£ is fully faithful and gives semiorthogonal decomposition (14). One 
can prove by the same arguments that theorem 6.3 and theorem 6.26 are true in this case as well. 

7. Properties of homological projective duality 

We believe that phenomenon of Homological Projective Duality deserves to be thoroughly investigated. 
In this section we will discuss some basic properties of Homological Projective Duality. 

The first natural question is when a Homologically Projectively Dual variety for a given algebraic 
variety X exists. From the definition of the Homological Projective Duality it follows that it always 
exists on a categorical level, we always know the derived category of the Homologically Projectively Dual 
variety. On the other hand, the question of existence of a Homologically Projectively Dual variety on 
a geometrical level seems to be of a philosophical nature. Indeed, in some sense every sufficiently good 
triangulated category can be considered as the derived category of coherent sheaves on a noncommutative 
algebraic variety. In fact, this is one of the ways to understand what a noncommutative algebraic variety 
is. From this point of view the question of existence of a Homologically Projectively Dual variety as 
a usual commutative variety seems to be not very natural and it is difficult to expect a nice answer 
(especially if we remember that the notion of Homological Projective Duality depends on a choice of a 
line bundle and a Lefschetz decomposition). 

The next question is whether a Homologically Projectively Dual variety is unique. Certainly this is 
true if it is a Fano variety by the Reconstruction Theorem of Bondal and Orlov [B04]. However, in 
general it doesn't need to be Fano, so there are examples of several different Homologically Projectively 
Dual varieties. 
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Another important question is how one should construct a Homological Projectively Dual variety for 
a given variety X. A natural approach is to consider a moduli space of objects in V b (X) with a given 
class in Kq(X) and supported on hyperplane sections of X. However, there are two problems on this 
way. The first one is of technical nature — we don't have a good theory of moduli spaces of objects 
in triangulated categories yet (moduli spaces in a "good theory" should depend on a choice of stability 
conditions and should be "noncommutative" in general) . The second problem is more complicated — how 
to choose a correct class in Kq(X). There is a trivial restriction on this class — it should be orthogonal to 
subcategories Ai(l), . ■ ■ -4,i-i(i — 1) of the Lefschetz decomposition of X. Sometimes, these restrictions 
determine unique class in Kq(X) up to a multiplicity. However, examples considered in [Kl] show that 
the choice of correct multiplicity turns out to be quite mysterious. 

Now we turn to more specific questions. 

7.1. Disjoint unions and products. If algebraic variety X is a disjoint union, X = X' U X" then its 
derived category is a completely orthogonal direct sum, V b (X) = V b (X') ®V b {X"). If we are given Lef- 
schetz decompositions V b {X') = (A' , A'^l), . . . .^^(i' - 1)>, V b {X") = (A'^A'{{1), . . . ,A'; i _ 1 (\" - 1)>, 
then we have a Lefschetz decomposition 

V b {X) = <_4' A%, (A © A1)(1), . . . , (AU © - 1)>, i = max{i', i"}. 

It is natural question, if we know a Homologically Projectively Dual varieties to X' and X" , what will 
be Homologically Projectively Dual to X' U X"! The answer is quite simple 

Proposition 7.1. If Y' and Y" are Homologically Projectively Dual to X' and X" respectively then 
Y = Y' U Y" is Homologically Projectively Dual to X = X' U X" . 

Proof: Note that the universal hyperplane section of X can be represented as X\ = X[ U X". Combining 
semiorthogonal decompositions V b (X{) = {V b (Y'),A' 1 {l)®V b (F(V*)), . . . , A'y^' - 1) MV b (F{V*))) and 
V b (X[') = (V b (Y"),A'l(l) mV b (F(V*)),...,A^ / _ l (\" - 1) mV b (F(V*))) we get 

V b (X 1 ) = (V b (Y') © V b (Y"), (A[ © ^)(1) H V b (F(V*)), (AU © ^^(i - 1) B V b (F(V*))) 

which shows that Y = Y' U Y" is Homologically Projectively Dual to X = X' U X" . □ 

In other word, Homological Projective duality commutes with disjoint unions. 

Now assume that X = X' x F and take = p*Ox'0-), where p : X — > X' is the projection 

along F. Then we have a Lefschetz decomposition 

V b {X) = (A' M V b {F), (A 1 , M V b {F)){l), {A[,^ M V b (F))(\' - 1)>. 

Proposition 7.2. If Y' is Homologically Projectively Dual to X' then Y = Y' x F is Homologically 
Projectively Dual to X = X' x F. 

Proof: Note that the universal hyperplane section of X can be represented as X\ = X[ x F. Tensoring 
semiorthogonal decomposition V b (X{) = (V b (Y'), A[(l) ^V b (F(V*)), . . . .A'y^ 1 - 1) MV b {F(V*))) with 
V b (F) we get 

V b (X 1 ) = (V b (Y') m V b (F), (A[ Kl V b {F)){\) M V b (F(V*)), (A'y^ M V b (F))(\ - 1) B V b (F(V*))) 
which shows that Y = Y' x F is Homologically Projectively Dual to X = X' x F. □ 
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7.2. Duality. In this subsection we are going to check that relation of Homological Projective Duality- 
is a duality indeed. 

Theorem 7.3. Ifg:Y -> P(Y*) is Homologically Projectively Dual to f : X -> P(Y) tften f : X -> P(Y) 
zs Homologically Projectively Dual to g : Y — > P(V*). 

Proof: Indeed, let "D 6 (X) = ^.Arj, (1), . . . , »4i-i(i — 1)) be the Lefschetz decomposition of and let 

P b (Y) = <jBj_i(l-j),...,jBi(-l),iBo> be the dual Lefschetz decomposition of D b (Y) given by theorem 6.3. 
Dualizing, we obtain a Lefschetz decomposition V b {Y) = (Bq,B\(1), . . . — 1)). Let us show that 

X is Homologically Projectively Dual to Y with respect to this Lefschetz decomposition. 

Indeed, consider X N _ X and y N -±. Note that P N ^ = Gr(iV-l, V*) = P(Y), X N - X = X (its embedding 
into X x Gr(N - 1, V*) = X x P(V) is given by the graph of /) and 3V-1 C Y x P(Y) is the universal 
hyperplane section of Y. Dualizing the decomposition of proposition 6.21 with r = N — 1 we obtain a 
semiorthogonal decomposition 

2> b C>V-i) = {V b {X N ^)\Bl(l) mV b (¥(V)),...,B;_ 1 (s - 1) KD b (P(Y))>. 

Moreover, the embedding functor V b {X^^i) — > £> 6 (3^v-i) is obtained by conjugation with the duality 
functor of the functor $^-1- Note that 3V-1 Xpry) ^at-i = and it is easy to check that the 

embedding functor V b (X N _ 1 ) -» P b (^iv 

_i) is a kernel functor with kernel scheme-theoretically supported 
on Q(X,Y). Thus X is Homologically Projectively Dual to Y. □ 

7.3. Dimension of the dual variety. It is natural to ask, what can we say about the dimension of the 
Homologically Projectively Dual variety to a given variety X. This question can be answered precisely 
in the special case of rectangular Lefschetz decomposition of X (i.e. when Aq = Ai = ■ • • = A\-i). 

Proposition 7.4. If g : Y —> P(V*) is Homologically Projectively Dual to f : X — > P(V) with respect 
to a rectangular Lefschetz decomposition with i terms, then the number of terms j in the dual Lefschetz 
decomposition ofV b {Y) and the dimension ofY equal 

j = iV — i, dimy = dimX + N - 2i, 

where N = dimF. 

Proof: The formula for j follows immediately from 11. To get the formula for the dimension we note that 
in the case of rectangular Lefschetz decompositions for any i-dimensional admissible subspace L C V* we 
have by theorem 6.3 an equivalence of categories 2? 6 (Xl) = D 6 (Yl). It follows that dimX^ = dimY^. 
But dimX L = dimX - i and dimYt = dimY - (N - i). □ 

In general however it seems that it is impossible to give an explicit formula for j and dimY. However, 
we can prove an inequality 

Lemma 7.5. If g : Y —* P(V*) is Homologically Projectively Dual to f : X —* P(V) with respect to a 
Lefschetz decomposition with i terms, then the number of terms j in the dual Lefschetz decomposition of 
V b (Y) and the dimension ofY satisfy 

j > AT — i, dimY > dimX + N - 2i, 

where N = dimY. 

Proof: The formula for j also follows from 11. To get the formula for the dimension we note that for any 
i-dimensional admissible subspace L C V* we have by theorem 6.3 a fully faithful functor T> b {X.L) — > 
V b (Y L ). It follows that dimX L < dimY L . But dimX L = dimX - i and dimY L = dimY - (N - i). □ 

Another question is the relation of the number of terms of a Lefschetz decomposition to the dimension 
of X. 
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Proposition 7.6. Assume that X is connected, T) b (X) = (Ao, Ai(l), ■ ■ ■ , ^4i-i(i — 1)) is a Lefschetz 
decomposition and A\-i / 0. Then dimX > i — 1 and equality is possible only if f : X — > F(V) is 
birational onto a linear subspace P l_1 C P(V) and A\-2 = A\-\. If moreover A® = A\-\ then X = P 1-1 . 

Proof: Consider generic subspace L C V* of dimension i — 1. Then Xl is a complete intersection of 
i — 1 hyperplanes in X. By theorem 6.3 the restriction functor A\-i C V b (X) — > T> b (X.L) is fully faithful. 
Therefore V h {Xj}) / 0, so Xl is not empty. Since this is true for generic L we conclude that dim A" > i — 1. 

Assume that dim A = i — 1 and consider generic subspace L C V* of dimension i — 2. Then Xl is a 
complete intersection of i — 2 hyperplanes in X, so Xl is a smooth connected curve for generic L. By 
theorem 6.3 the restriction functors A\^ 2 C V b (X) -> V b (X L ) and C £> 6 (A) -> V b (X L ) are fully 

faithful and (.Aj_2, A-i(l)) is a semiorthogonal collection in V b {Xi). But by lemma 9.2 the only smooth 
connected curve admitting a nontrivial Lefschetz decomposition is P 1 and the decomposition necessarily 
takes form P^P 1 ) = (0 ¥ i(k),0 ¥ i(k + 1)). Therefore / restricted to X L is an isomorphism onto a line 
P 1 C P(V). When L varies these lines span an open subset of a linear subspace P 1 " 1 C P(V), and / is an 
isomorphism on the preimage of this open subset. Hence / is birational onto P l_1 . Moreover, taking any 
indecomposable object E € A\-± we deduce that its restriction to D b {XL) is isomorphic (up to a shift) to 
Opi (k) (the only indecomposable object in (O v i (k))). Hence E is exceptional and (E, E(l), . . . , E(\ — 1)) 
is an exceptional collection on X. 

Finally, if A = A\-i then V b (X) = (E, E(l), ... ,E(\ -1)), hence the Grothendieck group K (X) is 
a free abelian group of rank i. On the other hand, it is easy to see that if the birational map X — > P l_1 
is not trivial then the rank of Kq(X) is strictly greater then i. Hence X = P l_1 . □ 

Remark 7.7. If X = P(W) C P(V), a linear subspace, dimM^ = i, considered with the Lefschetz de- 
composition V b (X) = (/*Op(v r )(fe), . . . , f*Op(y)(k + i — 1)), then it is proved in lemma 9.3 below that 
Y = P(VF- L ) C P(V*) is Homologically Projectively Dual to X, where W 1 - C V* is the orthogonal 
subspace. 

Corollary 7.8. If g : Y — > P(V*) is Homologically Projectively Dual to f : X —> P(V) then either 
dimX + dimy = dimF — 2, or dimX + dimy > dimF. Moreover, the first case is possible only when 
X = P(W) C F(V) and Y = P(W- L ) C P(V*) where W C V is a vector subspace. 

Proof: Note that i + j > dimF, hence if dim X > i and dimY > j then dim X + dimy > dimF. Assume 
that dim X = i - 1. If Ao ^ A\-i = A\- 2 then i + j > dim V + 2, hence dim X + dim Y > (i - 1) + (j - 1) = 
i + j - 2 > dimV. Finally if A = A\-i then X = P(W) and Y = P(VF ± ) by proposition 7.6 and 
lemma 9.3. □ 

7.4. Homological Projective Duality and classical projective duality. Given a projective mor- 
phism f : X -> P(V) we denote by X v C F(V*) the set of all points H G P(V*) such that the 
corresponding hyperplane section Xh of X is singular. It is clear that X v is a Zariski closed subset 
in P(V*). Note that if / : X — > P(V) is an embedding then X y is the classical projectively dual variety 
to X. 

The main result of this subsection is the following 

Theorem 7.9. Assume that g : Y — > P(V*) is Homologically Projectively Dual to f : X — > P(V). Then 
the set sing(p) := {critical values of g} coincides with X v , the classical projectively dual variety of X. 

Proof: Consider the universal hyperplane section X\ of X and the maps f\ : X\ — > P(V*) and g : Y — > 
P(V"*). Note that by definition of Homological Projective Duality we have a semiorthogonal decomposi- 
tion (14). Note also that X v = sing(/i) is the set of critical values of the map f±. Thus we have to check 
that sing(/i) = sing(flf). 
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First of all, assume that sing(g i ) <f_ sing(/i). Let H G P(V*) be a point in sing(g) such that H G" sing(/i). 
Then it is clear that there exists a smooth hypersurface D C P(V*) such that H £ D, Yd := Y Xp(y*) D 
has a singularity over H, and dim Yd = dimY — 1. Let T = D\sing(/i). Then H G T, Yr :=Y x P (y*) T 
has a singularity over i?, and dim Yt = dimY — 1. On the other hand, f\ is smooth over T, hence 
X\t = Xi x P(v*) T is smooth and both and Yp have expected dimension. Therefore the base 

change T — > P(V*) is faithful for the pair (Ai, Y) and we obtain by the faithful base change theorem 2.39 
a semiorthogonal decomposition 

V b (X lT ) = (V\Y T ), Ai(l) M V b (T), Ai-i(i ~ 1) B Z> 6 CO) (26) 

But category D b (X\T) is Ext-bounded since Afix is smooth, while category D 6 (Yt) is not Ext-bounded 
since Y7 1 is singular (see lemma 2.25). This is a contradiction, which shows that we must have an 
embedding sing(g) C sing(/i). 

Similarly, assume that sing(/i) <jL sing(g). Let H G F(V*) be a point in sing(/i) such that H $ s\ng(g). 
Then it is clear that there exists a smooth hypersurface D C P(V*) such that H G D, X\£> := X\ Xwy*) D 
has a singularity over H, and dim X\£> =dimAi — 1. Let T = D\smg{g). Then H £T,X\t := X\ x P (y*)T 
has a singularity over H, and dim^fiy = dim^i — 1. On the other hand, g is smooth over T, hence 
Yr = Y x P (y*) T is smooth and both Yt and X\t XtYt have expected dimension. Therefore the base 
change T — > F(V*) is faithful for the pair (Xi,Y) and we again obtain by the faithful base change 
theorem 2.39 a semiorthogonal decomposition (26). Now we note that category D b (Yr) is Ext-bounded 
since Yr is smooth, and categories Ai{l)MV b {T), ... , Ai-iQ - 1) M V b (T) are Ext-bounded because T 
is smooth. Therefore category T> b {X\T) is Ext-bounded by lemma 2.26. But this is a contradiction with 
the fact that X\t is singular. □ 

7.5. Homological projective duality and triangulated categories of singularities. Recall that in 
[03] to every algebraic variety X there was associated a triangulated category V sg (X) := V b (X) /T> perf (X), 
the quotient category of the bounded derived category of coherent sheaves by the subcategory of per- 
fect complexes, which was called the triangulated category of singularities of X. This definition easily 
generalizes to any triangulated category. 

Definition 7.10 ([04]). Let V be a triangulated category. An object F G V is homologically finite if for 

any G G V the set {n G Z | Hom(F, G[n\) / 0} is finite. 

The full subcategory of T> consisting of homologically finite objects is denoted by T>hf. It is a triangu- 
lated subcategory. The quotient category V sg := V/V^ is called the triangulated category of singularities 
of V. 

Lemma 7.11 ([04]). IfV = (V U V 2 ,...,V m ) is a semiorthogonal decomposition ofD then its triangu- 
lated category of singularities has the following semiorthogonal decomposition 

Theorem 7.12. // g : Y — > F(V*) is Homologically Projectively Dual to f : X — > F(V) and L C V* is 
an admissible subspace then V sg (XL) = P sg (Yi). 

Proof: Since X is smooth by assumptions and Y is smooth by theorem 6.3 it follows from lemma 7.11 
that 

-4osg = ^4is g = • • • = -4(i-i) sg = and B 0sg = B\ sg = ■ ■ ■ = #(j_i) S g = 0, 
where V b {X) = {Aq, Ai(1), . . . , A-i(\ - 1)> and V b {Y) = - j), . . . , fii(-l), B ) are the Lefschetz 

decompositions of X and Y respectively. Using again theorem 6.3 and lemma 7.11 we deduce that 
V sg (X L ) - (C L ) sg - V sg {Y L ). □ 
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8. Projective bundles 



Let S be a smooth (not necessarily compact) base scheme with a vector bundle E of rank i. Let 
X = ¥*s{E) be a projectivization of this vector bundle with the projection p : X — ► S, and let 0x(l) be the 
Grothendieck line bundle on F S (E) over S (such that p*O x (l) = E*). Let V* C T(S, E*) = T(X, O x {l)) 
be a space of global sections generating E*, and let / : X — > P(V) be the corresponding morphism. Let 
«4-o = P*(T^ b (S)) C D 6 (X). Then by the result of Orlov [01] we have a semiorthogonal decomposition 

V b (X) = (A ,A 1 (l),...,A i - 1 (\-l)) with Ao = A 1 = --- = A l - 1 =p*(V b (S)). (27) 

Let X\ C X x P(V*) be the universal hyperplane section of X. Since X x P(V*) is the projectivization 
of the pullback of E to S x P(F*), it follows that the fiber of X\ over the generic point of S x P(V*) is a 
hyperplane in the projectivization of the fiber of E over the corresponding point of S, and over a certain 
closed subset of S x P(V*) the fiber of X\ coincides with the whole projectivization of the fiber of E. 
This closed subset Y C S x P(V*) is the zero locus of the section of the vector bundle E* M C?p(v*)(l)> 
corresponding to the identity in T(S x F(V*), E* KOp (v ,)(l)) = T(S, E*)®T(F(V*), O p(v .)(1)) = y*®V. 
Note that 

Lemma 8.1. We Ziaue y = P 5 (i?- L ), w/iere -E" 1 = Ker(V* E 1 *). /n particular, Y is smooth and 

codim 5xP( y»)y = i. (28) 

Proof: The fiber of Y over a point s 6 5 consists of all sections H £ V* = H°(S,E*), that vanish at s, 
i.e. which are contained in the fiber of E 1 - over S. □ 

Let / : Xi — > 5 x P(V*) be the canonical projection. Let j:F->5x P(V*) be the embedding. Let 
Z = Y X(5 X p(y*)) X\ be the fiber product, and denote by <j) : Z — > y and i : Z ^ X\ the projections. So 
we have the following cartesian square 

Py(£) Z ^ Xi 

f 

y ^Sx p(y*) 

Let £ = i*Oz and consider the corresponding kernel functor $£ : V b {Y) — ► D b (A'i). Note that the 
functor $£• is (S 1 x P(V*))-linear. 

The main result of this section is the following 

Theorem 8.2. In the above notation and assumptions we have a semiorthogonal decomposition 

V\X 1 ) = {<S> £ (V b (Y)), Ai(l) M V b (P(V*)), Ai-i(\ - 1) B V b (P(V*))). 

Comparing this theorem with the definition of relative Homological Projective Duality (see remark 6.27) 
we obtain the following 

Corollary 8.3. If E is generated by global sections then Y = P^-E- 1 ) is Homologically Projectively Dual 
to X = Fs(E) relatively over S. 

We start the proof with some preparations. 

Lemma 8.4. The subscheme Z C X\ is a zero locus of a section of the vector bundle fix/s(l)®^P(v*)(l) 
on X\, where &x/s ^ s the sheaf of relative differentials. 

Proof: Note that it follows from the definitions that X\ is a zero locus of a section of the line bundle 
0x(l)KIOp(y*)(l) on X xP(F*) and Z is a zero locus of a section of the vector bundle E*E\0 F r v *\(l) on 
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X x P(V*). Moreover, it is clear that the canonical epimorphism E* M P (y*)(l) — > Ox(l) P (y*)(l) 
takes the latter section to the former. Therefore, the latter section restricted to the zero locus of the 
former section is contained in the kernel of the epimorphism which is isomorphic to Qx/si^-) ^Cp(v*)(i)> 
and its zero locus coincides with Z. □ 

Corollary 8.5. The sheaf £ = i*Oz is quasiisomorphic to the Koszul complex, 

uO z = Kosz(T x/5 (-l) ® P(y ,)(-l)) := A*(T X/S (-1) P(y *)(-l)). 

In particular, i*Oz is a perfect complex on X\ and i : Z — > X\ has finite Tor -dimension. 

Proof: Since X\ has pure codimension 1 in X x P(V*) it follows from (28) that Z has codimension i — 1 
in Xi, therefore the corresponding section of the vector bundle Q x / S (l) £3 P (y*)(l) is regular and i*Oz 
is quasiisomorphic to the Koszul complex. In particular it is a perfect complex. Finally, it follows from 
the projection formula that i*i*F = F ®i*Oz for any F £ V b {Xi), and since is exact and conservative 
it follows that Tor-dimension of i is finite. □ 



Proposition 8.6. The functor <3?£ is fully faithful. 

Proof: Note that £ is perfect on Z, Z is projective over Y and over X\, and £ has finite Ext-amplitude 
over X\ by corollary 8.5. Therefore by lemma 2.28 the kernel functor $£■# : D b (Xi) — > T> b (Y) with the 
kernel 

£# = RHom({(/) x i)*O z ,w Xl xY/Y [dim*i]) 

= (^x »)„ RHom(O z , (0 x i) ! ((j A , lxy/y [dimA' 1 ])) = (0 x i)*w z/y [dim Z/Y] 

is left adjoint to Further, the composition o (fr £ : V b {Y) — > D b (Y) is given by 

F i-> </>*(i%</>*F®w z/Y [dimZ/Y]). 

Let K € £> 6 (Z x Z) denote the kernel of the functor i*u : V b (Z) -> X> fe (Z). It is clear that (1 x i)*K € 
£> 6 (Z x X x ) is a kernel of the functor ij*i* : D fe (Z) -> D fc (^i). But 

^ i*F (8) i*e> z = z*(.F <8> 

therefore (1 x = Y\i*i*Ozi where r* : Z — > Z x Afi is the graph of i. On the other hand, from 

corollary 8.5 it follows that i*i*Oz is isomorphic to 

i*Kosz(T x/s (-l) Op (v ,)(-l)) ^ 0i*A i T x/s (-t) ® Op( V .)(-t)M = ®A*T z/y (-() ® P(y *) (-*)[*]. 

Therefore 

A*(A*T z/y (-i) ® Op (v .)(-*)) for all t. 

where A : Z — ► Z x Z is the diagonal embedding. 
Consider the functor given by the kernel H'^K): 

$H-HK)--V\Z)^V b (Z), F ^ M0*F ® ^Tz/ri-t) ® O nv * } (-t) ® ouz /Y [dimZ/Y}) 

^F®</> m (A t T z/Y (-t)®Op( V . ) (-t)®<j z/Y [dMLZ/Y]). (29) 

Note that 

M^Tz/vi-t) ® Pp (v .)(-*) ®w z/ y[dimZ/y]) = 

RHom(^ /y (t), ( /> ! (0 P(y , ) (-t))) RHom(^(^ z/y (t)),0 P(y « ) (-t))), 
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but for t ^ we have </>*(J7^,y(£)) = 0, while for t = we have (j)*(^ t z/Y 00) = ^ follows that the 
functor (29) is zero for t ^ and is identity for t = 0. Using a devissage argument we deduce that the 
functor 

F i ^ </>*(<f F <g> if ® [dimZ/y]) = <f>*(i*U4>*F ® w z/y [dim Z/y]) 

is the identity. But as we have seen above this is the composition of <E>£ with its left adjoint. Therefore 
<!> e is fully faithful. □ 



Lemma 8.7. The functor f*g* : V b {Y) -> is a kernel functor, f*g* = &K(f,g)> an d ^ s kernel 

fits into exact triangle K(f,g) — > — ► Cz <8> (a*0j>f(- 1) <£> Op(y*)(— 1))[2]. in particular, for any 
F e P 6 (y) we /lave an exaci triangle in V b (Xi) 

f*g*F -► F -> **0*(F <7*0 P(y *)(-l)) ® Ox(-l)[2] 

Proof: Consider the following commutative diagram 




5 x P(V*) 



Note that Z = Y X(SxP(V*)) (X x P(V*)) and the square in the diagram is exact cartesian, because p is 
flat. It follows that 

f*g* = a*p*g* = a*(a o i)*4>* = a*a*i*4>*. 

On the other hand, a is a divisorial embedding and X\ is a zero locus of the line bundle Ox(l)KlCp(v r *)(l), 
therefore a* a* is a kernel functor and its kernel K a G V b (X\ x Ai) fits into exact triangle 

if Q -> A,C»^ - A*a*(O x {-l) ® P(y *)(-l))[2]. 

Computing the convolution of this triangle with the kernel 0^ of the functor i*cf>* we obtain the claim. □ 

Proof of theorem 8.2: Note that we have A k {k) B £> 6 (P(U*)) = x P(V*)) ® 0x(ife), and that 

$^(P 6 (y)) = i*0*(Z) 6 (y)), so we need to prove that we have the following semiorthogonal decomposition 



V b (X l ) = (i*cP*(V b (Y)), f*(V b (S x P(U*))) ® • • • , f*(V b (S x P(F*))) ® - 1)). 



(30) 



The semiorthogonality in question is verified quite easily. Using lemma 5.3 and proposition 8.6, the 
question reduces to check that Hom(f*F <g> O x (k),i^*G) = for all F € V b {S x P(F*)), G € 2? 6 (y) 
and 1 < fe < i — 1. But 

Hom(/*F®O A -(fc),t <1 0*G) = Hom(/*F,(i^*G)®OA-(-fc)) = Hom(/*F, u(<f>*G ® O z (-k))) = 
= Hom(F,f*u(<l>*G®Oz(-k))) = Hom(F, g^tfG ® O z {-k))) = Y\om(F,g 1f (G ® 4>*Oz{-k))) 

and 4>*Oz( — k) = for 1 < fc < i — 1 since is a projectivization of a rank i vector bundle. 

It remains to check that the RHS of (30) generates T> b (X\). First of all we will show that it contains 
i*</)*(V b (Y)) ® O x (k) for < k < i - 1. Indeed, for any F € V b (Y) the triangle of lemma 8.7 twisted by 
Cv(l) takes form 



f*g*F®O x {l) ^i*<t>*F®O x {l) 
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><f(F®g*0 P(y . ) (-l))[2]. 



Note that its first term is contained in f*(T> b (S x P(V*))) ® Ox(l) and the last term is contained in 
i*(f)*(V b (Y)), therefore the middle term is contained in the RHS of (30). Twisting this triangle by Ox (2) 
we get 

f*g*F ® O x (2) -> irfF ® Ox(2) -> i*<f (F ® <fO P(y ,)(-l)) ® Ox(l)[2]. 

Note that its first term is contained in f*(T> b (S x P(V*))) ® Ox (2) and the last term is contained in 
i*(f>*(T> b (Y)) ® Ox(l), therefore the middle term is contained in the RHS of (30). Continuing in this way 
we deduce the claim by induction. 

Now assume that G is contained in the left orthogonal to the RHS of (30). Then it follows from 
above that for any < A; < i - 1 and any F G V b (Y) we have Hom(G, i*<p*F ® Ox{k)) = 0. But by 
adjunction it equals to Hom(i*G, <fi*F ® Oz{h)) and since by [01] the subcategories <j)*(V b (Y)) ® Oz{k) 
with < k < i - 1 generate V b (Z) it follows that i*G = 0. This means that G is supported on X\ \ Z. 
But X\ \ Z is a P'~ 2 -bundle over (5 x P(V*)) \ 1", hence the orthogonality of G to the subcategory 
(f*(V b (S x P(V*))) ^ Ox(l), • • • , /*(P b (5 x P(F*))) ® Ox(i - 1)> implies that G = 0. □ 

Now we are going to apply theorems 6.3 and 6.26 for this special case of Homological Projective Duality. 

Let F be another vector bundle on S, rank(F) = r, and let <j) : F — ► E* be a morphism of vector 
bundles. Consider the projectivizations Fg(E) and Ps(F). Let p : Fg(E) — > 5 and g : Ps(F) — ► S 1 be the 
projections and let Vs ( E yg(l) and Op s ( F y s (l) denote the Grothendieck ample line bundles. Note that 
4> induces a section of the vector bundle F* IS] Op s (E)/s(l) on Ps(F), and a section of the vector bundle 
E* H Pp s (f)/s(1) on P S (F). Let X F C P s (£) and F F C F S (F) denote their zero loci. 

Theorem 8.8. // codim Ps ( £ ) X F = rankF, codim Ps( - F ) Y F = rankF and dimXp XgY F = dimS — 1 then 
there exist semiorthogonal decompositions 

V b {X F ) = (V b (Y F ),p*V b (S)®0 Ps{E y s (l),...,p*V b (S)®0 Ps{E)/s (\-r)), if r < i 

P fe (l» = (q*V b (S)® Ps{F)/s (\-r),..., q*V b {S) ® ¥s{F)/s {-l),V b {X F )), if r > \, 1 J 

and an equivalence V b (X F ) = P b (Yp) if r = \. 

Proof: First of all, consider the case when the morphism <fi : F — > F* can be represented as a composition 
F — > 1/* ® Os — > F* of a monomorphism of vector bundles to a trivial vector bundle followed by an 
epimorphism of vector bundles. In this case the claim of theorem follows from theorem 6.26. 

Indeed, take r = rankF, T = Grg(r, V* ® Og), the relative Grassmannian, and let £ C V* ® O f be 
the tautological subbundle of rank r. Then Xc and 3^£ in the notations of theorem 6.26 are the universal 
families of linear sections of X = Fg(E) and Y = Fg(E^) respectively. It is easy to see that the dimension 
assumptions of theorem 6.26 are satisfied, hence we have semiorthogonal decompositions 

V b (X c ) = {V b (y c ),p*V b (T) ® Fs(E)/s (l), . . . ,p*V b (T) ® Op s{E)/s (\ - r)>, if r < i 
V b {y c ) = (q*V b (T)®0 Ps{F)/s (\-r),...,q*V b (T)®0 Fs{F)/s (-l),V b (X c )), if r > i, 

and an equivalence V b (X£) = V b (yc), if r = i. 

The embedding F -^V*®Og gives a section a : S -> T = Gr s (V* ® Og) such that F ^ cr*£. Consider 
a as a base change. Note that Xc Xt S = X F . On the other hand, 3^£ 5 is the zero locus of a section 

39 



of the vector bundle ¥s ^ E ±y s (l) <S> i 7-1 * on Ps^E 1 - 1 ). But looking at the commutative diagram 



E^MOs 



o s mF 



e 1 - m o s — v* 



E*MO s 



it is easy to deduce that it also can be represented as the zero locus of a section of the vector bundle 
E* <g> Fs(F)/s (l) on ¥ S (F), i.e. that y c x T S = Y F . 

Finally note that the dimension assumptions of the theorem and lemma 2.35 imply that this base 
change is faithful for a pair {Kc^c)- Applying the faithful base change theorem 2.39 we deduce the 
claim. 

The general case follows from the above case by theorem 2.40. Indeed, all inclusion functors in the 
desired decompositions are S*-linear and for every point s € S there exists an open neighborhood U C S 
over which the morphism <p\u : Fp — > E* v can be represented as a composition F\u — > V* © Ojj — > E*^ 
of a monomorphism of vector bundles followed by an epimorphism of vector bundles. □ 

Consider the case r = i. Then the dimension assumptions of theorem 8.8 can be rewritten as 



Note that D := p(Xp) = q(Yp) C S is the degeneration locus of </>, i.e. the zero locus of det(f> : 
det-F — > detE*. Since dimD = dimS 1 — 1 it follows that p : Xp — > D and q : Yp — > D are birational. 
Therefore op is a birational transformation — s-Yp. It is easy to check that ux p = ujy F = ujp, = 
us <8> det -E* <8) detF*, hence this transformation is a flop. 

Corollary 8.9. If dim Xp = dimYp = dimXp x$Yp = dimS — 1 then the kernel functor with kernel 
given by the structure sheaf of the fiber product Xp XpjYp = Xp XsYp is an equivalence of categories 
V b {X F ) ^ V b (Y F ). 

For example, let S = P 4 , E = O s (-l) © O s (-l), F = O s © O s and <j> : F -» E* given by the matrix 
<fi = „), where (x : y : z : u : v) are the homogeneous coordinates on S\ Then D (Z S is the cone over 
P 1 x P 1 (given by equation xu — yz = 0), Xp and Yf are small resolutions of D and — ^Yp is the 
standard flop. 



In this section we will give several examples of Homologically Projectively Dual varieties. 

9.1. A stupid example. Let X be any smooth algebraic variety with a projective map / : X — > P(V). 
Then taking Aq = V b (X) we get a Lefschetz decomposition with only one term. We will call it the stupid 
Lefschetz decomposition. 

Proposition 9.1. The universal hyperplane section X\ C X x P(V*) with the projection X\ — > P(V*) is 
Homologically Projectively Dual to X — > P(V) respect to the stupid Lefschetz decomposition. 

Proof: Just take £ to be the structure shift of the diagonal in X\ x X\. □ 

Alternatively, one can consider the stupid Lefschetz decomposition as a particular case of the decom- 
position (27) since any algebraic variety can be considered as a projectivization of a line bundle over 



dim Xp = dim Yp = dim Xp x 5 Yp = dim S — 1 . 



9. Examples 



itself. 
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Let us describe the claim of theorem 6.3 in this case. Let Y = X\ be the universal hyperplane section 
of X. Let L C V* be a vector subspace. Then Yl is the pencil of hyperplane sections of X parameterized 
by P(L). It is fibered over X with fiber equal to P(L) over Xl, and a hyperplane in P(L) over X \ Xl. 
Theorem 6.3 implies that we have a semiorthogonal decomposition 

V\Y L ) = (V b (X) ® O p(l) (1 - dimL), . . . ,V\X) ® ¥{L) {-1) ,V b {X L )) . 

E.g. for dimL = 1 we have Yl = Xl and for L = 2 we have Yl is the blowup of Xl in X. In the 
latter case the obtained semiorthogonal decomposition coincides with the standard decomposition of the 
blowup. 

9.2. Curves. Now, assume that X is a smooth projective curve. 

Lemma 9.2. Derived category of a smooth connected projective curve X admits a nontrivial Lefschetz 
decomposition with respect to an effective line bundle Ox(l), only if X = P 1 . In this case Ox(l) is the 
positive generator of P\cX, and the decomposition takes form T> b (X) = (Opi (k), Opi (k + 1)) for some k. 

Proof: Assume that we have a nontrivial Lefschetz decomposition of T> b (X), so that A\ ^ 0. Let F be a 
nontrivial object in A±. By definition of a Lefschetz decomposition we have 

RHom(F(l),F) = 0. 

Since X is a curve, every object in T> b (X) is a direct sum of its cohomology sheaves, and every sheaf on 
X is a direct sum of a torsion sheaf and of a locally free sheaf. If G is a nontrivial torsion sheaf some shift 
of which is a direct summand of F, then G(l) ^ G, hence Hom(G(l), G) ^ 0, hence Hom(F(l), F) ^ 0. 
Therefore F is a direct sum of shifts of locally free sheaves. 

Since A\ is closed under direct summands and triangulated, there exists a locally free sheaf F € A\. 
Then 

RHom(F(l),F) = RT(X, F <g> F*(-l)). 
But F <S) F* has Ox as a direct summand, hence the condition RHom(F(l), F) = implies that the line 
bundle Ox(—l) on X has no cohomology. By Riemann-Roch this is possible only if degOx(l) = I — g, 
where g is the genus of X. So, if g > 1 then cannot be effective. Therefore for g > 1 we cannot 

have a nontrivial Lefschetz decomposition. 

Now assume that g = 0, so X = P 1 . Then the above arguments show that is the positive 

generator of the P\cX. Moreover, since any locally free sheaf on P 1 is a direct sum of line bundles, it 
follows that Ai = (Opi(/c)) for some k G Z. Then 

<0 P i(fc)> = A c A c > Ai(l) ± = (Opi (k + 1)> ± = (0 F i(k)), 
and we are done. □ 

The above lemma shows that the only way to get a Homological Projective Duality for a curve of 
positive genus is to consider the stupid Lefschetz decomposition. Then as we have shown in proposition 9.1 
the Homologically Projectively Dual variety is the universal hyperplane section. Note that in this case 
the map X\ — > P(V*) is a finite covering (of degree equal to the degree of X in P(V)) ramified over the 
classical projectively dual hypersurface X y C P(V*). 

The case of X = P 1 is treated in the following lemma. 

Lemma 9.3. If X = P(W) C P(V), a linear subspace, dimH^ = i, considered with the Lefschetz 
decomposition V b {X) = (f*0 ¥( y)(k), . . . , f*0 ¥{v) (k + \ - 1)}, thenY = F(W ± ) CF(V*) is Homologically 
Projectively Dual to X. 

Proof: We can consider X as a projectivization of a trivial vector bundle W over Spec k. Then the claim 
follows from corollary 8.3. □ 
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9.3. Hirzebruch surfaces. Let S = P 1 and E = O s © O s {-d), so that X = F S (E) is the Hirzebruch 
surface F d . Take V* = H°(S, E*) = k © k d+1 . Then / : X -> P(F) = P d+1 maps X onto a cone over a 
Veronese rational curve of degree c£ (the exceptional section of X is contracted to the vertex of the cone) . 

In this case E 1 - = Ker(V* -► £*) = O s (-l) d , hence V = P s (£-■-) = P^P^ 1 . The map 5 : Y -» P(V*) 
is a d-fold covering onto the hyperplane in P d C P(V*), corresponding to the vertex of the cone. 

9.4. Two-dimensional quadric. Let S = P 1 and E = O s (-l) ©£>s(-l), so that X = P<?(£) = P 1 xP 1 
is the two dimensional quadric. Take V* = H°(S,E*) ^ k 4 . Then / : X -» P(V) = P 3 is the standard 
embedding. 

In this case E 1 - = Ker(V* -> £*) = Og(-l) © Os(-l), hence Y" is also isomorphic to P 1 x P 1 and the 
map (/ : V — > P(V*) = P 3 identifies it with the projectively dual quadric to X. 

In a forthcoming paper [K2] we will describe Homological Projective Duality for all quadrics. 

9.5. Springer Grothendieck resolution. Let G be a semisimple algebraic group, S = G/B be the 
flag variety of G (the set of all Borel subgroups in G), g isbethe Lie algebra of G, b C © Os, (resp. 
n C g © Os) be the vector subbundle with fiber over a point of G/B given by the corresponding Borel 
subalgebra (resp. nilpotent subalgebra) of g. Take E = n (by the way n is isomorphic to the cotangent 
bundle of S), so that X = ¥ S (E) = P G/B (n) = P G/B (T* /B ), and V* = q* = H°(G/B,n*). Then 
/ : X — > P(jj) maps X onto the projectivization of the nilpotent cone in g and is well known as the 
(projectivized) Springer resolution of the nilpotent cone. 

In this case E 1 - = Ker(g* — > n*) = Ker(g — > g/b) = b (we identify g with g* by the Killing form), hence 
Y is isomorphic to Pg/bW an d the map 5 : Y — > P(g) is known as the (projectivized) simultaneous 
Springer-Grothendieck resolution. Its generic fiber consists of \W\ points where W is the Weyl group 
of G. 
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